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I. INTRODUCTION 
A. Background 

A concerted effort has been made to understand the physically distinct black hole (BH) solutions appearing in 
various 4-dimensional supergravity theories. The extremal solutions typically carry electromagnetic charges trans- 
forming linearly under G4, the D = 4 U-duality groupS- BHs with charges lying in different orbits of G4 therefore 
correspond to distinct solutions. Moreover, thanks to the attractor mechanism 043 the entropy of the extremal 
BH solutions loses all memory of the scalars at infinity and is a function of only the charges. Consequently, the 
Bekenstein-Hawking [H, [t| entropy is given by a U-duality invariant quartic in the electromagnetic charges. Hence, 
the classification of the U-duality charge orbits captures many significant features of the possible BH solutions, 
which in turn have provided a range of important string or M-theoretic insights. 

We focus on those theories in which the scalars live in a symmetric coset G4/H4. The orbits of the 4-dimensional 
Af = 8 1] and the exceptional octonionic "magic" Af = 2 [l(| supergravities were obtained in for both 
"large" and "small" BHs, which have non-vanishing or vanishing classical entropy, respectively. The large orbits 
of the Af = 2 Maxwell-Einstein supergravities coupled to ny vector multiplcts, which also include the three non- 
exceptional magic examples, were analysed in [ill. Il2j|. The small orbits of the STU model jl3l - [l9j |. which exhibits 
a discrete triality, exchanging the roles of S 1 , T and U, over and above the continuous U-duality group, were found 
in [20| . Meanwhile, for the infinite sequence of Af — 4,2 theories coupled to ny vector multiplets the U-duality 
invariant charge constraints defining the distinct orbits and their supersymmetry preserving properties, for both 
large and small cases, were obtained in [2l],[22j], and further discussed in [23l |24j. 

In the present work, we aim at essentially completing this story in D = 4. In particular, we obtain the small 
orbits for the A^ = 21,C,H magic supergravities, Af — 2, 4 supergravity coupled to an arbitrary number of vector 
multiplcts including the special cases of the STU, ST 2 and T 3 models, as well as the minimally coupled Af = 2, 
matter coupled Af = 3, and "pure" Af — 5 theories. 

We begin by repeating the Af = 8 theory as it provides an instructive example, setting the stage for all the 
other cases. We then study both the "large" and "small" U-duality BH charge orbits of the D = 4, Af = 4 and 
Af = 2 Maxwell-Einstein supergravity theories coupled to an arbitrary number ny of vector multiplets, including the 
magic theories. The Af — 2 STU model is retreated as part of the generic sequence (ny — 3), revealing additional 
subtleties which were previously obscured by the triality symmetry. Its degeneration into the ST 2 and T 3 models 
is also treated. A formalism based on cubic Jordan algebras and their associated Freudenthal triple systems (FTS) 
is used to derive the minimal charge orbit representatives, their stabilizers and the associated "moduli spaces" of 
attractor solutions. In particular, we make use of [25| and (2(| While the STU model may be considered as 
part of the general Af = 2 sequence, albeit with an additional triality symmetry, the ST 2 and T 3 models demand 
a separate treatment. This is due to their representative Jordan algebras being, in some sense, degenerate: the 
ST 2 Jordan algebra is Euclidean, as opposed to the Lorentzian nature of the general sequence, while the T 3 Jordan 
algebra only contains non-zero elements of rank 3. Finally, in Iscction III Gl Iscction III HI and Isection III II we 
respectively include the analogous treatment of the minimally coupled Af = 2, matter coupled Af = 3, and "pure" 
Af = 5 theories, which cannot all be uplifted to D — 5 space-time dimensions. 

Physically speaking, the FTS makes the symmetries of the parent D = 5 theory manifest. This allows us to make 
extensive use of the orbits and their minimal charge representatives of the D = 5 theories, which are simpler to 
derive and already appeared in the literature. In particular, we exploit the analysis of [ll|, HH, [24|, [28l - [30j . Note, 
one may also use the integral FTS to address the orbit classification of the discrete stringy U-duality groups @, 



1 We work in the classical regime for which the electromagnetic charges are real valued. Here U-duality G4 is referred to as the 
"continuous" symmetries of [J. Their discrete versions are the non-perturbative U-duality string theory symmetries described in 0]. 
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as was done for the maximally supersymmetric D — 6, 5, 4 theories in [3l|, HH. Moreover, for D = 4, Af = 8 it has 
recently been observed that some of the orbits of £7(7) (Z) should play an important role in counting microstates 
of this theory [33l . |34| . The importance of discrete invariants and orbits to the dyon spectrum of string theory has 
been the subject of much investigation p34T - |4lj ]. 



B. Summary 

We summarise the key results here. For each of the theories considered (aside from the Af = 2 minimally coupled, 
Af = 3 and Af = 5 theories) , the electromagnetic BH charges may be regarded as elements of a Freudenthal triple 
system 

ff(3a) :=E-eRe33®33, (1) 

defined over a cubic Jordan algebra ^3- The electric (magnetic) BH (black string - BS -) charges of the parent D = 5 
theory may be regarded as elements of $3. The FTS comes equipped with three maps: (i) a bilinear antisymmetric 
form {•, •} : $ X $ — > R, which encodes the symplectic structure of the charge representations (see for example 
[42| . and Refs. therein); (ii) a quartic norm A : $ — » R; (iii) a triple product T:Jx5x5->5. A brief summary 
may be found in Isection III Al Full details can be found in [25| and Refs. therein. The automorphism group 
Aut(S') = Conf (Za) is the set of invertible R-linear transformations preserving the quartic norm and bilinear form. 
It coincides with the D = 4 U-duality group: Aut(3 r ) = G4. Hence, the unique quartic G4-invariant, denoted I4, is 
given by A. The Bekenstein-Hawking entropy therefore reads 

Sbh = ^VW\ = ^Vlhl (2) 

Let us briefly review some of the analogous features of cubic Jordan algebras and the BHs (BSs) in D = 5, which 
we will make extensive use of throughout. A cubic Jordan algebra ^3 is a vector space equipped with an admissible 
cubic norm N : ^3 R and an element c £ $3-, referred to as a base point, satisfying N(c) = 1. The cubic norm 
defines the Jordan product, — o — : ^3 x ^3 — > Z3, satisfying, 

X 2 o (X oY) = X o (X 2 oY), VX,Y€Za- (3) 

A brief summary may be found in Isection III Al Full details can be found in [25j and Refs. therein. For each 
of the theories considered in the present investigation (but the Af = 2 minimally coupled, Af = 3 and Af = 5 
theories), the electromagnetic BH charges may be regarded as elements of some cubic Jordan algebra 3 3 . The 
automorphism group Aut(^3) is the set of invertible R-linear transformations preserving the Jordan product. The 
reduced structure group StroQ^) is the set of invertible R-linear transformations preserving the cubic norm N (25j . 
Str (53) is the D = 5 U-duality group, Str (33) = G5. Hence, the unique cubic Gs-invariant, denoted ^3, is given 
by N. The Bekenstein-Hawking BH (BS) entropy is therefore 



SBH=7rvW (4) 

The models we consider arc itemized here: 



N = 8: 28 + 28 electric/magnetic BH charges belong to J° := 8(3® ), where ^3 is the cubic Jordan 
algebra of 3 x 3 Hermitian matrices defined over the split-octonions. The 56 charges transform linearly as the 
fundamental 56 of Aut(5° s ) = E 7{7) ^ Conf (3® s \ the maximally non-compact (split) real form of £V(C). 
The scalar manifold is given by (apart from discrete factors, see e.g. (43[) 



E W (5 ) 
SU(8)' [ ' 

Magic TV = 2 theories: Given by Af — 2 supergravity coupled to (3 + 3 dim A) vector multiplets, where 
A = R,C,H,0. The (4 + 3 dim A) + (4 + 3 dim A) electric/magnetic BH charges belong to £ A := £(3*), 
where 5* is the cubic Jordan algebra of 3 x 3 Hermitian matrices defined over one of the four division 
algebras A = R, C, H, 0. The (8 + 6 dim A) charges transform linearly as the threefold antisymmetric traceless 
tensor 14', the threefold antisymmetric self-dual tensor 20, the chiral spinor 32 and the fundamental 56 of 
Aut(5- A ) = Conf (3^) = Sp(6,R),SU(3,3),SO*(12),£ 7( _ 251 for A = R,C,H,0, respectively. The scalar 
manifolds are given by (apart from discrete factors, see e.g. [431 ] ) 

S P (6,R) SU(3,3) SO* (12) E 7 ^ 25) 



U(3) ' U(l) x SU(3) x SU(3)' U(6) ' U(l) x E, 



6(-78) 



TV = 4 supergravity (6 graviphotons) coupled to n — ny vector multiplets: the (ny + 6) + (ny + 6) elec- 
tric/magnetic BH charges belong to $ 6 '™ := 3"(35,n-i), where 3s,n-i — K-©r 5i „_i is the cubic Jordan algebra 
of pseudo-Euclidean spin factors [44| (see also [25] ). In general, r m „ is a Jordan algebra with a quadratic form 
of pseudo-Euclidean signature (m, n), i.e. the Clifford algebra of O (m, n) [45[. The 2(ny + 6) charges trans- 
form linearly as the (2,6 + n v ) of Aut(# 6 ' n ) = Conf (3 5 ,„_i) = SL(2,R) x SO(6,ny). The scalar manifolds 
are given by the infinite sequence of globally symmetric Riemannian manifolds 

SL(2,R) SO(6,n v ) 
SO (2) X SO(6)xSO(n v )' V ^ ( j 

N = 2 supergravity (1 graviphoton) coupled to ny vector multiplets: the (ny + l) + (ny + 1) electric/magnetic 
BH charges belong to J 2 '™ := 5(^1, n-i), where 3i,n-i = Rffl ri >n _i is the cubic Jordan algebra of Lorentzian 
spin factors (44| (see also [25j]), and n = ny — 1. The 2(ny + 1) charges transform linearly as the (2, 1 + nv) 
of Aut(3" 2 '™) = Conf(3i, n -i) = SL(2,R) x SO(2,n). The scalar manifolds are given by the infinite sequence 
of globally symmetric special Kahler manifolds 

SL(2,R) SQ(2,ny-l) 
SO (2) SO(2)xSO(n v -l)' V ^ [ ) 

M = 2 STU model: it is nothing but ny = 3 element of the Jordan symmetric sequence ©, but we single it 
out for two reasons. First, over and above the continuous U-duality group it has a discrete triality symmetry 
which swaps the roles of the three complex moduli S, T, U [14| , and is manifested in the structure of the duality 
orbits. Second, it may be considered as the common sector of all D — 4 Maxwell-Einstein supergravity theories 
with a rank-3 symmetric vector multiplets' scalar manifold and related to Jordan algebras (which we will dub 
"symmetric" supergravities) . Furthermore, it also provides a link to the degenerate cases described below. 
The 4 + 4 electric/magnetic BH charges belong to $stu '■= 3{3stu), where Zstu = B, © R © R is isomorphic 
to the Lorentzian spin factor [HI The 8 charges transform linearly as the (2, 2, 2) of Aut($sTu) — 
Conf (3stu) = SL(2, R) x SL(2, R) x SL(2, R). This symmetry is made manifest by organising the charges into 
a 2 x 2 x 2 hypermatrix aABC, where A, B, C — 0, 1, transforming under SLa(2, R) x SLb(2, R) x SLc(2, R) 
[46| . The scalar manifold is given by 



SL(2,R) 
SO (2) 



(9) 



It is worth noting that, by using U-duality, the charge vectors of the symmetric supergravity theories described 
above may be reduced to a subsector living in 3stu- Hence, the STU charges are common to all the above 
theories which, indeed, may all be consistently truncated to the STU model. Moreover, the special Kahler 
geometry characterising the completely factorised rank-3 symmetric manifold ^ is defined by the triality- 
symmetric prepotential 

F = STU (10) 

See, for example, [1, |47| - [49| for the details of special geometry. By identifying T — U and S = T = U in 
(|TU1) we obtain the ST 2 and T 3 models, respectively (see e.g. 18] for the consistent exploitation of such a 
degeneration/reduction procedure). In this sense, the STU model is the linchpin of all the theories considered 
here. 

Af = 2 ST 2 model: coupled to two vector multiplets. The 3 + 3 electric/magnetic BH char ges belong 



to Sst 2 := t?(3st 2 )j where 3st 2 = R © R is isomorphic to the Euclidean spin factor 3i [25j, |44{. The 
6 charges transform linearly as the (2,3) of Aut^sr 3 ) = SL(2,R) x SL(2,R). This symmetry is made 
manifest by organising the charges into a partially symmetrised hypermatrix ola(b 1 b 2 )i where A, B\ 1 B2 = 0, 1, 
transforming under SL^(2,R) x SLs(2,R) [l8j. The scalar manifold is given by 

" SL(2,1R) 1 2 

_ SO (2) J ' [ ' 



J\f = 2 T 3 model: this is a non-generic irreducible model, coupled to a single vector multiplet. May be 
obtained as a circle compactification of minimal supergravity in five dimensions. The 2 + 2 electric/magnetic 
BH charges belong to $ T s := 5(3t 3 )> where 3t 3 = B. The 4 charges transform linearly as the 4 (spin 
s = 3/2) of Aut(3' T 3) = Conf (3x 3 ) = SL(2,R). This symmetry is made manifest by organising the charges 
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into a totally symmetrised hypermatrix a(A 1 A 2 A 3 ) > where A\, A%, A% = 0, 1, transforming under SL,4(2, R) |18| 
(see also e.g. |5Cj, as well as the recent discussion in [5l|). The scalar manifold is given by the special Kahler 
manifold (with scalar curvature R = —2/3 [52j |) 

SL(2,R) 



In all aforementioned cases, excluding the T 3 model, the charge orbits are split into four classes first identified 
in [lH . There are three small classes with vanishing Bekenstein- Hawking entropy: doubly critical, critical and 
light-like. There is one large class with non-zero Bekenstein-Hawking entropy, which actually is a one-parameter 
(Li) family of orbits. The T 3 model is the exception in that the doubly critical and critical classes collapse into a 
single orbit. This is precisely due to the fact that the underlying cubic Jordan algebra Zt 3 only admits non-zero 
elements of rank 3, as opposed to the other examples, which all possess elements of rank 1,2 and 3 (including the 
ST 2 model). From a physical perspective, this is equivalent to the fact that there is only one gauge potential 
(namely, only one Abelian vector multiplet) outside the gravity multiplet to support both the doubly critical and 
critical orbits. 

These four classes are coded in the "rank" of the FTS element: ranks 1, 2, 3 and 4 imply doubly critical, critical, 
light-like and large, respectively. For the Af = 8 (maximal supersymmetry) theory the ranks are sufficient to capture 
all the orbit details, i.e. there is precisely one orbit per rank. The only subtlety is that the large BHs are supported 
by a 1/8-BPS or a non-BPS orbit, according as I4 > or I4 < 0, respectively [ll|. For theories of gravity with 
non-maximal local supersymmetry, this identification between rank and orbit generally becomes more subtle: while 
rank 1 (doubly critical) elements lie in a single orbit, higher ranks split into two or more orbits. Moreover, BHs 
with I4 > may also be non-BPS; in contrast, all BHs with I4 < are non-BPS. In every case, there is only one 
I 4 < orbit. 

We summarise the key features of this orbit splitting here, while laying out the organisation of the letter. 

First, let us mention that the technical aspects of Jordan algebras, the FTS and the proofs of the associated 
theorems used here may be found in (2f| and in Refs. therein. We begin in lscction III with a summary of the D = 5 
parent theories: their Jordan algebras, minimal charge orbit representatives, cosets and moduli spaces. This lays 
the foundations for the D = 4 analysis. In Isection fill the details of D = 4 minimal charge orbit representatives, 
cosets and moduli spaces are presented for each of the aforementioned theories. The Af — 8 treatment, while having 
been well understood for sometime now [Til . |32| , is given first as the simplest example (only one orbit per rank of 
FTS element), with ranks 1, 2, 3 corresponding to 1/2-, 1/4- and 1/8-BPS states, respectively. As mentioned, the 
unique subtlety is that the rank 4 large orbit is 1/8-BPS or non-BPS orbit according as I4 > or I4 < 0. The orbits 
and their representatives are given in ITablc Vl and IThcorcm 51 respectively. Also, notice that the supersymmetry 
BPS-preserving features are not sufficient to uniquely characterise the charge orbits; indeed, there are two 1/8-BPS 
orbits, one large (rank 4) and one small lightlikc (rank 3). All subsequent treatments may be seen as a fine-graining 
of the treatment of Af = 8 orbits. Only the rank 1 (doubly critical) and the rank 4 (I4 < 0) cases do not split, 
remaining as a single 1/2-BPS and non-BPS orbit, respectively, for all non-maximally supersymmetric theories. 
The next simplest cases are the magic Af = 2 supergravities. Here the rank 2, 3 and 4 (I4 > 0) orbits split into 
one 1/2-BPS and non-BPS orbit each. The non-BPS large (^4 > 0) orbit has vanishing central charge at the 
unique BH event horizon. The orbits and their representatives are given in ITablc VTl and IThcorcm 61 respectively. 
The exceptional octonionic case is give n as a detailed example in Isection A 11 which thus provides an alternative 
derivation of the result obtained in [ll|. Next, comes Af = 4 Maxwell-Einstein supergravity. The major difference 
is that the corresponding FTS is reducible. As a consequence, as proved in (25j . an extra rank 2 orbit is introduced, 
making a total of three: 1/2-BPS, 1/4-BPS and non-BPS. Rank 3 has one 1/4-BPS and one non-BPS, as does 
rank 4 (I4 > 0). The orbits and their representatives are given in ITable VIII and IThcorcm 71 respectively. Finally, 
we consider Af = 2 Maxwell-Einstein supergravity based on the Jordan symmetric sequence ([H]), which has the 
most intricate orbit structure. However, it may be derived directly from the Af = 4 case by splitting each 1/4- 
BPS orbit into one 1/2-BPS and one non-BPS (with vanishing central charge at the horizon); see Isection III Dl 
We conclude with the "degenerate" cases of ST 2 (non-generic reducible) and T 3 (non-generic irreducible) Af = 2, 
D = 4 supergravity models in Isection III Fl 

Finally, we consider the remaining D=4 theories with symmetric scalar manifolds, which cannot be uplifted to 
D=5, namely: 

• Af = 2 supergravity minimally coupled to n vector multiplets 53] (in Isection III Gp . It has a quadratic 
U-invariant polynomial, and it does not enjoy a Jordan algebraic formulation. 

• Af = 3 matter coupled supergravity [54| (in Isection III Hp . It has a quadratic U-invariant polynomial, and it 
does not enjoy a Jordan algebraic formulation. 
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• Af = 5 "pure" supergravitv [55j ("in lsection III II) . It enjoys a formulation in terms of M^i (©), the Jordan triple 
system generated by the 2x1 vector over the octonions © [13, HI] ■ Among the symmetric supergravities with 
quartic U-invariant polynomial, it stands on a special footing, because its U-invariant polynomial is a perfect 
square when written in terms of the scalar-dependent skew-eigenvalues of the 5x5 complex antisymmetric 
central charge matrix Zab- This property, discussed in [57| . drastically simplifies the case study of charge 
orbits. 

For the convenience of the reader we summarize here our main original results together with where they appear 
in the text: 

(1) In Isection III CI the small (rank 3,2,1) orbits and moduli spaces of the magic D — 4,Af — 2 models based on 
degree-3 quaternionic, complex, real Jordan algebras are derived. The results arc presented in the three A — R, C, H 
sub-blocks of ITable VII The A = © orbits as well as the large A = R, C,H orbits appearing in ITablc VII were 
previously obtained in 111. In Isection III C ll the Af — 2, D — 4 magic quaternionic case is compared to its "twin" 
Af = 6 theory [l2l H3, 1 1 1 2i | and the supersymmetry analysis of twin black hole charge orbits is carried out and 
presented in (|65|) . 

(2) In Isection III Dl the small (rank 3,2,1) orbits and moduli spaces of the infinite sequences of D = 4, Af = 4 
and D = 4,Af = 2 Maxwell-Einstein theories are derived. The results are presented in ITablc VIII and ITablc Villi 
respectively. The the large orbits appearing in lTable VIII and lTablc VnTl were previously obtained in |lll ll2ll22tlll4j . 
In Isection III F II it is observed that for the triality-symmetric Af — 2 STU model each of the rank 3 and rank 2 
orbits split into two isomorphic yet physically distinct (BPS vs. non-BPS) orbits. 

(4) In Isection III F 21 and Isection IIIF"3l the small orbits and moduli spaces of the ST 2 and T 3 models are derived. 
For the ST 2 model the small orbits may be obtained from lTable VHII bv setting n = 1 (when this is still well defined 
- when it is not, the orbit is not present). The T 3 orbits are presented in lTable IXI It is established that while the 
BPS large orbit of the T 3 model (which one could think as the simplest example of BPS-supporting charge orbit in 
D = 4, Af — 2 Maxwell-Einstein supergravity) has no continuous stabilizer it does in fact have a Z3 stabilizer. 

(5) In Isection III Gl Isection III HI and Isection III II the unique small orbits and moduli spaces of the Af = 2 
minimally coupled, Af = 3 matter coupled and Af = 5 pure supergravities are obtained, respectively. 

II. BH CHARGE ORBITS IN D = 5 SYMMETRIC SUPERGRAVITIES 

A. Cubic Jordan Algebras 

A Jordan algebra J is a vector space defined over a ground field F equipped with a bilinear product satisfying 

X oY = Y o X, X 2 o (X oY) = X o (X 2 oY), VI.FeJ. (13) 

The class of cubic Jordan algebras is constructed as follows [HJ|. Let V be a vector space equipped with a cubic 
norm, i.e. an homogeneous map of degree three, 

N-.V^-W, where N(XX) = A 3 A(A), VA <= F, X <= V, 

such that 

N(X, Y, Z) := -\N(X + Y + Z)- N(X + Y) — N(X + Z) - N(Y + Z) + N(X) + N(Y) + N(Z)] (14) 
6 

is trilinear. If V further contains a base point N(c) = 1, c € V one may define the following three maps, 

Tr:V^F; A^3A(c,c,A), 
S:VxV^W; (X, Y) H> 6N(X, Y, c), (15) 
Tr : V x V -> F; (X, Y) ^ Tr(X) Tr(Y) - S(X, Y). 

A cubic Jordan algebra 3, with multiplicative identity 1 — c, may be derived from any such vector space if N is 
Jordan cubic. That is: if (i) the trace bilinear form (|15|) is non-degenerate, and if (ii) the quadratic adjoint map 

(16) 

uniquely defined by 

Tt(X\Y) = 'SN(X,X,Y), (17) 
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satisfies (A*)* = N(X)X, VA e 3. The Jordan product can then be implemented as follows: 

AoY=±(AxY + Tr(A)Y + Tr(Y)X - S(X, Y)l) , (18) 

where, X x Y is the linearisation of the quadratic adjoint: X x Y := (X + Y)" — X " — Y". 

The degree of a cubic Jordan algebra is defined as the number of linearly independent irreducible idempotents: 

EoE = E, Tr(£) = 1, Sea- 
Two important symmetry groups, Aut(3) and StroQO, are given by the set of F-linear transformations preserving the 
Jordan product and cubic norm, respectively. In particular, Str (3) is the U-duality group G5 of the corresponding 
D = 5 supergravity, and the corresponding vector multiplets' scalar manifold is given by 

Str ° ffl (19) 
Aut(3)' { } 

which is isomorphic to the BPS rank 3 orbit in the symmetries theories with 8 supersymmetries - related to Jordan 
algebras - in which Aut (-3) is the maximal compact subgroup (mcs) of Stro (5), as well. 

The conventional concept of matrix rank may be generalised to a cubic Jordan algebra in a natural and Stro (5) 
invariant manner. The rank of an arbitrary element X £ 3 is uniquely defined by [58(: 

RankA = 1 <S> A B = 0; 

RankA = 2 N(X) = 0, A tt ^ 0; (20) 
RankA = 3 & N(X) ^ 0. 

B. AT =8 

The 27 = 3 + 3dimjR<D s electric BH charges may be represented as elements 

( gi Q s Q c \ 
Q s <te Qv\, where qi,qi,q3€R and Q„. SiC £ O s (21) 
Qc Q v q 3 J 

of the 27-dimensional Jordan algebra 3® of 3 x 3 Hermitian matrices over the split-octonions s . The cubic norm 
is defined as, 



N(Q) = qiq 2 q 3 - qiQvQv ~ qiQcQc - qaQsQs + {QvQc)Qs + Qs{QcQv)- (22) 
One finds that the quadratic adjoint (|16p is given by 



q2q 3 - \Qv\ QcQv - qzQs QsQv - qiQc 
Q S = \ QvQc-qsQs qiqs ~ \Qcf_ QsQc - qiQv \ , (23) 

\QvQs~q2Qc QcQs~qiQv qxqi - \Qs\ 

from which it is derived that Q o P = \{QP + PQ). The cubic Jordan algebra 3® has irreducible idempotents 
given by 

/l 0\ /0 0\ /0 0\ 

Ei = 0; E 2 = 1 ; E 3 = . (24) 

\0 0/ \0 0/ \0 1/ 

The D = 5, J\f = 8 U-duality group is given by the reduced structure group StroQ^") = ^6(6)7 which is the 
maximally non-compact (split) form of E§{&) under which Q £ ^3 transforms as the fundamental 27. The BH 
entropy is then given by (recall Eq. (|4j 

Sb=6,BH = *VMQ)\ = W\n(Q)\- ( 25 ) 

The U-duality charge orbits are classified according to the £? 6 (6)-i n variant Jordan rank of the charge vector, as 
defined in (j2"0|) . This precisely reproduces the classification originally obtained in [ll], HH • The maximally split 
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form of the U-duality group, which corresponds to the use of the split-octonions^, is the most powerful in the sense 
that for each rank there is a unique canonical form to which all elements may be transformed. More precisely, we 
have the following 

Theorem 1. (Til l60j Every BH charge vector Q € (J3 of a given rank is £?6(6) related to one of the following 
canonical forms: 

1. Rank 1 

(a) Qx = (1,0,0)= E x 

2. Rank 2 

(a) Q 2 = (1,1,0) = E X +E 2 

3. Rank 3 

(a) Q 3 = {l,l,k)=E 1 + E 2 + kE 3 

The orbit stabilizers are summarized in ITable II We will see that the orbit structure of theories with less 
supersymmetry is a progressive splitting of this exceptionally simple case. 



TABLE I. Charge orbits, corresponding moduli spaces and the number # of "non-flat" scalar directions of D = 5, M = 8 
supergravity defined over ^3 [ll[. 







3f,M = 


£ 6 (6)/Usp(8) 






Rank 


BH 


Susy 


Charge orbit O 


Moduli space A4 


# 


1 

2 
3 


small critical 
small light-like 
large 


1/2 
1/4 
1/8 


fc '6(6) 
SO(5,5)xB IB 

-£-6(6) 
SO(5,4)xRl 8 

^6(6) 
F 4(4) 


SO(5,S) rpl6 
SO(5)xSO(5) * lrt 

SO(5,4) p 16 
SO(5)xSO(4) **■ la 

F i(i) 
Usp(6)xSU(2) 


1 

6 
14 



C. AT = 2 Magic 

The 3 + 3 dim A electric BH charges may be represented as elements 

( qi Q s Q c \ 
Q s <12 Qv\, where q 1 , q 2 , g 3 e K, and Q v , s ,c € A (26) 
Qc Q v 33/ 

of the (3 + 3 dim A)-dimensional Jordan algebra $f of 3 x 3 Hermitian matrices over the division algebra A [56]. 
The irreducible idempotents, quadratic adjoint and cubic norm are as in Iscction II Bl The magic D = 5, N = 2 
U-duality groups are given by the reduced structure group Stro(3f"). For A = R, C, H, © the U-duality Gf is 
SL(3,R), SL(3, C), SU*(6),£J 6( _26) under which Q £ 3f transforms as a 6, 9, 15, 27, respectively. The BH entropy 
is given by Eq. (|25p . Once again, the U-duality charge orbits are classified according to the G*-invariant Jordan 
rank of the charge vector. More precisely, we have the following 

Theorem 2. [i"l"ll27j Every BH charge vector Q € 3* of a given rank is Gf" related to one of the following canonical 
forms: 

1. Rank 1 

(a) Qia = (1,0,0) =E t 



2 The split-octonions are not division, but are composition: \ab\ = |a||6|. 
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(b) Qn = (-1,0,0) = -Ex 

2. Rank 2 

(a) Q 2a = (1,1,0) = Ex + E 2 

(b) Q 2b = (-1,1,0) = -Ex + E 2 

(c) Q 2c = (-1,-1,0) = -E x -E 2 

3. Rank 3 

(a) Q 3a = (1, 1, k) = E t + E 2 + kE 3 

(b) Q 3 b = (-1, -1, k) = -Ex -E 2 + kE 3 

Note, the orbits generated by the conical forms Q\ a and Qxb are isomorphic, as are those generated by Q 2a 
and Q 2c . The light-like 1/4-BPS orbit of the Af = 8 splits into one 1/2-BPS and one non-BPS orbit, as does the 
large 1/8-BPS orbit. Note, the critical 1/2-BPS orbit remains intact [3(|. The orbits are summarized in ITablc Til 
(the exceptional - octonionic - case was firstly derived in [HI). Note that the Af = 2 theory has a "dual" 
interpretation as Af = 6 supergravity, as described in [30| . 



D. The Af = 4 and Af = 2 Reducible Jordan Symmetric Sequences 



1. Af = 4 



For Af = 4 supergravity coupled to ny vector multiplets, the n + 5 electric BH charges may be represented as 
elements (/i :— 0, /, where 7 = 1, n + 3) 

Q = (q; q„), where q € R, € R 5 '"" 1 , (27) 

of the (n + 5)-dimensional reducible cubic Jordan algebra 35 jn _i (note that the index pertains to one of the 5 
graviphotons) . Note, we have adopted the (5,n — 1) convention to emphasize the relation to the corresponding 
D = 4 theory, whereas in [30l | the (5,ny) convention was used, i.e. n — ny + 1. The cubic norm is defined as 

N(Q) - qq^, (28) 

where the index \x has been raised with the (+ 5 , — n_1 ) signature metric if"-, the positive signature pertains to the 5 
graviphotons of the theory, whereas the negative one pertains to the n — 1 Abelian matter (vector) supermultiplets 
coupled to the gravity multiplet. The reduced structure group reads 

G 5 = StroGKn-i) - SO(l, 1) x SO(5, n - 1). (29) 

For A e R, A e SO(5, n — 1), its action on the charge vector reads 

{q-q^^{e 2X q -e- X k^ qv ). (30) 

One finds that the quadratic adjoint (fTo| is given by, 

Q S = {q^^qqo^qqi), (31) 

from which it is derived thai0 

Q°P= (qp; qoPo - q.iP'\ QoPi + PoQi), (32) 

where the index I has been raised with the (+ 4 ,— ™ _1 ) signature metric r\ nm . Consequently, the automorphism 
group is given by 

Aut(35, n -i) = SO(4,n-l). (33) 

Three irreducible idempotents are given by 

Ex = (l;0); E 2 = (0; i 0,0,0,0, i,0, .. .); E 3 = (0; |,0,0,0,0,-i,0,...). (34) 

The U-duality charge orbits are classified according to the SO(l, 1) x SO(5,n — 1) invariant Jordan rank of the 
charge vector. More precisely, the following theorem [25| holds. 



Note, this construction appears to be undemocratic in the sense that it picks out one of the graviphotons go as special. This is due to 
the undemocratic choice of base point c = (1; 1,0) we have used. This choice was made for convenience, but one could have equally 
used a "democratic" base point, valid for any signature with p > 1, c = (p — 1, 1, . . . , 1, 0, 0, . . . , 0), which for p = 5 treats all 
five graviphotons on the same footing. Of course, this is just a matter of conventions and the results are unaffected. 
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TABLE II. Charge orbits, corresponding 
5, AT = 2 supergravities defined over 3*, J 



moduli spaces, and number # of "non-fiat" 
v = R,C,H,0 SHI. 



scalar directions of the magic D 



n v = 26, M = E 6( _ 26) /F i( sti) 



Rank 
1 

2a 
2b 

3a(k > 0) 
3b(k > 0) 

Rank 
1 

2a 
2b 

3a(fc > 0) 
36(fc > 0) 

Rank 
1 

2a 
2b 

3a(fc > 0) 
3b(k > 0) 

Rank 
1 

2a 
2b 

3a(k > 0) 
3b(k > 0) 



BH 

small critical 
small light-like 
small light-like 
large 
large 

BH 

small critical 
small light-like 
small light-like 
large 
large 

BH 

small critical 
small light-like 
small light-like 
large 
large 

BH 

small critical 
small light-like 
small light-like 
large 
large 



Susy 
1/2 



1/2 
1/2 

(z H ^) fS£=2Sl 

F 4(-20) 

Of , nv = 14, M = SU*(6)/Usp(6) 



Charge orbit O 

g S(-26) 
SO(l,9)KB"i 

- E 6(-26) 
SO(1,8)kE 15 

E 6(-26) 
SO(9)kR 10 



Susy 
1/2 



1/2 
1/2 

(Zff^o) 

Zz, nv = S, M 

Susy 
1/2 



1/2 
1/2 

(Zff^o) 



jf , n v = 5, M : 



Susy 
1/2 



1/2 
1/2 

(z H ^o) 



Charge orbit O 

SU*(6) 

[SO(1,5)xSO(3)]kR( 4 . 2 > 

SU*(6) 

[SO(1,4)xSO(3)]kR( 4 > 2 > 

SU*(6) 

[SO(5)xSO(3)]xR< 4 . 2 ) 

SU*(6) 



Usp(2,4) 

SL(3,C)/SU(3) 
Charge orbit O 

SL(3,C) 

[SO(1,3)xSO(2)]kR( 2 > 2 > 

SL(3,C) 

[SO(1,2)xSO(2)]kR( 2 > 2 ) 

SL(3,C) 

[SO(3)xSO(2)]xR< 2 . 2 ) 

SL(3,C) _ M 
SU(3) — m 

SL(3,C) 
SU(1,2) 

SL(3,R)/SO(3) 
Charge orbit O 

SL(3,R) 
SO(l,2)xR 2 

SL(3,B.) 
SO(l,l)xR 2 

SL(3,B.) 
SO(2)xR 2 

SL(3,R) _ M 
SO(3) — al 

SL(3,R.) 
SO(l,2) 



Moduli space M 



SO(l,9) 
SO(9) 



R 



SO(l,8) to 16 
SO(8) * ISX 

R 16 



J 4(-2n) 
SO(9) 

Moduli space M 

SO(l,5) to (4,2) 
SO(5) K Jtl 

SO(1.4) ro (4,2) 
SO(4) K " X 

R< 4 - 2 > 

Usp(2,4) 
Usp(2)xUsp(4) 

Moduli space M 

SO(l,3) to (2,2) 
SO(3) K ^ 

SO(l,2) to (2,2) 
SO(2) * la 

R (2,2) 
SU(1,2) 



U(l)xSU(2) 

Moduli space Jvi 

SO(1.2) R 2 
SO(2) K W 

SO(l,l) x R 2 
K- 



SO(l,2) 
SO(2) 



# 
1 

2 

10 
26 
10 

# 
1 

2 

6 

14 

6 

# 
1 

2 

4 

8 

4 

# 
1 

2 

3 

5 

3 



Theorem 3. Every BH charge vector Q = (q; q^) 6 Z§,n-\ of a given rank is SO(l, 1) x SO(5, n — 1) related one 
of the following canonical forms: 

1. Rank 1 

(a) Qia = Ei 

(b) Q lb = -Ex 

(c) Q lc = E 2 
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2. Rank 2 



(a) Q 2a 

(b) Q 2b 

( c) Q 2c : 

(d) Q 2d 

3. Rank 3 

(a) Q 3a 

(b) Q 3b ■ 



E% + E 3 
E 2 — E3 
Ei + E 2 
—E\ — E 2 

■-Ei+E 2 + kE 3 
-Ei +E 2 + kE 3 



Note, the orbits la and 16 are physically equivalent, and have isomorphic cosets. The same applies to 2c and 2d. 



The orbits are summarized in lTable IIII 



L30J 



TABLE III. Charge orbits, corresponding moduli spaces and number # of "non-flat" scalar directions of the reducible 
D = 5,Af = 4 supergravities defined over 3s,n-i = R © IXn-i [3d ]. The scalar manifold reads M = [SO(l, 1) x SO(5,n — 
l]/[SO(5) x SO(n - 1)], with dim K , = 5n - 4 



Rank 


BH 


Susy 


Charge orbit O 


la 




1/2 


SO(l,l)xSO(5,n-l) 


small critical 


SO(5,n-l) 


lc 




1/2 


SO(l,l)xSO(5,n-l) 
SO(l,l)xSO(4,n-2)xR 4 > 


2a 
26 


small light-like 


1/2 



SO(l,l)XSO(5,n-l) 
SO(4,n-l) 

SO(l,l)XSO(5,n-l) 
SO(5,n-2) 


2c 




1/4 


SO(l,l)XSO(5,n-l) 
SO(4,n-2)xR 4 ."- 2 


3a6(ifc > 0) 


large 


1/4 


SO(l,l)xSO(5,n-l) 
SO(4,n-l) 


36(fc < 0) 




(z AB ,„=o) 


SO(l,l)xSO(5,n-l) 
SO(5,n-2) 



Moduli space M 

SO(5,n-l) 
SO(5)xSO(n-l) 

SO(l,l)xSO(4,n-2) 4 
SO(4)xSO(n-2) ^ 

SO(4,7i-l) 



SO(4)xSO(n-l) 

SO(5,n-2) 
SO(5)xSO(n-2) 

SO(4,n-2) 



X R 



SO(4)xSO(n-2) 

SO(4,n-l) 
SO(4)xSO(n-l) 

SO(5,n-2) 
SO(5)xSO(n-2) 



# 
1 

2 
11 
6 
2 
n 
6 



2. Af = 2 

For Af = 2 theories coupled to ny vector multiplets, whose scalar manifolds belong to the so-called Jordan 
symmetric sequence of the real special geometry, the n + 1 electric BH charges may be represented as elements 
(/1 := 0, /, where 1 = 1, n — 1) 

Q = (q; where q e R, g M G R 1,n_1 , (35) 

of the (n + l)-dimensional reducible cubic Jordan algebra 3i,n— l- Once again, let us note that we have adopted 
the (1, n — 1) convention, in order to to emphasize the relation to the corresponding D = 4 theory, whereas in [3fj| 
the (l,ny) convention was used, i.e. n = ny + 1. The set-up and analysis is essentially as for the Af = 4 case. 
The principle difference is that the 1/4-BPS orbits split into one 1/2-BPS and one non-BPS orbit. This is captured 
in the connectedness of the charge orbits [30| . as we will discuss below. This may be seen as a consequence of 
the Lorentzian nature of 3i,n-i, contrasted to the genuine pseudo-Euclidean nature of Zs,n-i- As for Af = 4, the 
cubic norm is defined by ([2"5]l . but now the index fj, is raised with the (+, — n_1 ) signature metric -q^ . The reduced 
structure group is therefore 

G 5 - Str (3i,„_i) - SO(l, 1) x SO(l, n-1). (36) 

For AeE,Ae SO(l,n— 1), its action on the charge vector is given by Eq. (f30|). Then, one finds that the quadratic 
adjoint (IT61 is given by 



Q 8 = MW), 



(37) 
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from which Eq. (|32[) can be derived. Consequently, the automorphism group is given by 

Aut(3i,„-i) = SO(n - 1) = mcs (Str (Zi, n -i)) • (38) 

Three irreducible idempotents are given by 

E 1 = (1;0); £ 2 = (0;±,±,0,...); E 3 = (0; ± -§, 0, . . .). (39) 

The U-duality charge orbits are classified according to the SO(l, 1) x SO(l,n — 1) invariant Jordan rank of the 
charge vector. More precisely, the following theorem [25J holds. 

Theorem 4. Every BH charge vector Q = (q; g„) € 3i,n-i o/ a given rank is SO(l, 1) x SO(l, n — 1) related to one 
of the following canonical forms: 



1. 


Rank 1 








(a) Q\a 


= E l 






(b) Q U 


= -Ei 






(c) Qlc 


= E 2 




2. 


Rank 2 








(a) Q 2a 


= E 2 + 


E 3 




(b) Q 2b 


= E 2 - 


E 3 




(c) Q 2c 


= E! + 


E 2 




(d) Q 2d 


= -E 1 


-E, 


3. 


Rank 3 








(a) Q 3 a 


= £i + 


E2 ~ 




(b) Q 3b 


= -Et 


+ E, 



kE 3 

Note, if one restricts to the identity- connected component o/SO(l,n— 1), each of the orbits Q± c , Q 2c and Q 2c i splits 
into two cases, Qi c , Q^ c an d Q 2 d' corresponding to the future and past light cones. Similarly, Q 2a splits into two 
disconnected components, Qf a , corresponding to the future and past hyperboloids. For k > the orbits Q 3a and Q 3 b 
also split into disconnected future and past hyperboloids, Qf a and Qf b - 

The orbits are summarized in ITablc IVI As described in [301, the orbits Qf c , Qm, Q 3a and Qf b are BPS or 
non-BPS according as the sign +/— of q is correlated or anti-correlated, respectively, with the future/past branch 
on which the orbit is defined. 

The non-Jordan symmetric sequence [6lj 

SO(l.n) „ T 
M nJ ^ n = v ' / , n = n v e IN, 40 
bu (n) 

(ny being the number of Abelian vector supermultiplets coupled to the Af = 2, D = 5 supergravity one) is the only 
(sequence of) symmetric real special geometry which is not related to a cubic Jordan alg ebra. It is usually denoted 
by L (— 1,71 — 1) in the classification of homogeneous Riemannian ci-spaces (see e.g. [62|], and Refs. therein). 

As discussed in [61J , the isometries of the symmetric real special space (1401) are not all contained in the invariance 
group of the corresponding supergravity theory, despite the fact that the latter group still acts transitively on the 
space. By using the parametrization introduced in the last Sec. of [63[ and comparing e.g. Eq. (5.1) of 62] to Eq. 
(7) of [61(, it is immediate to conclude that the D = 5, Af = 2 Maxwell-Einstein supergravity theory whose scalar 
manifold is given by (|4"0"j) can be uplifted to a D — 6, (1,0) supergravity theory with n ~ 1 vector multiplets, but 
no tensor multiplets at all (ut = 0). Thus, in absence of matter fields charged under a non-trivial gauge group, 
the gravitational anomaly-free condition implies that [64| |(35[ njj = 272 + n hypermultiplets must be coupled to the 
theory. On the other hand, this theory is known not to satisfy the condition of conservation of the gauge vector 
current (required by the consistency of the gauge invariance |66l470| ); therefore, it seemingly has a D — 6 uplift 
to (1, 0) chiral supergravity which is not anomaly-free, unless it is embedded in a model where a non-trivial gauge 
group is present, with charged matter (see e.g. |7ll.[72j|h 

We will not further considered this theory in the present investigation, because it does not correspond to symmetric 
spaces in D = 4 |6l| . 
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TABLE IV. Charge orbits, corresponding moduli spaces, and number # of "non-flat" scalar directions of the reducible 
D = 5, JV = 2 supergravities defined over 3i,n-i = R © ri jn _i [30|]. The scalar manifold reads M = [SO(l, 1) x SO(l, n — 
1]/ SO(n - 1), with diniR M = n. 



Rank 
la 


BH 

small critical 


Susy 
1/2 


Charge orbit O 

SO(l,l)xSO(l,n-l) 
SO(l.n — 1) 


Moduli space M 

SO(l.n-l) 
SO(n — 1) 


# 
1 


lc 




1/2 


SO(l,l)xSO(l,n-l) 


SO(l,l) x ft"" 2 


2 


2a 




1/2 


SO(l,l)xSO(l,n-l) 
SO(n-l) 




n 


2b 


small light-like 





SO(l,l)xSO(l,n-l) 
&UH1,TI — Z J 


SO(l,n-2) 
SO(n — 2) 


2 


2c+ 




1/2 


SO(l,l)xSO(l,n-l) 

tV'l/., ■ ) 1 T"> j/ 

bU(tl — ZjKmx."' * 




2 


2c~ 







SO(l,l)xSO(l,n-l) 
oLUn — zjKlrv 


R n ~ 2 


2 


2dT 




1/2 


SO(l,l)xSO(l,n-l) 




2 


2d+ 







SO(l,l)xSO(l,n-l) 
SO(n — 2)KE n - 2 




2 


3a+{k > 0) 




1/2 


SO(l,l)xSO(Ln-l) 
SO(n-l) 




n 


3a~{k > 0) 


large 


(z H1 to) 


SO(l,l)xSO(l,n-l) 
SO(n-l) 




n 


36" (fc > 0) 




1/2 


SO(l,l)xSO(l,n-l) 

SO(n-l) 




n 


36+ (k > 0) 




(Zff^o) 


SO(l,l)xSO(l,n-l) 
SO(n-l) 




n 


3ab(k < 0) 




(z H ^o) 


SO(l,l)xSO(l,n-l) 
SO(l,n-2) 


SO(l,n-2) 
SO(n-2) 


2 



III. BH CHARGE ORBITS IN D = 4 SYMMETRIC SUPERGRAVITIES 
A. The Freudenthal Triple System 

Given a cubic Jordan algebra 3 defined over a field F, one is able to construct a FTS by defining the vector space 

5(3)0=30, 

5(a) = F®F®a®a. (41) 

An arbitrary element x £ 5(5) may be written as a formal "2 x 2 matrix" , 



a X 

Y (3 



where a, (3 £ F and X, V € 3. (42) 



The FTS comes equipped with a non-degenerate bilinear antisymmetric quadratic form, a quartic form and a 
trilinear triple product [731 Iz3| : 

1. Quadratic form {x, y}: 5 x 5 — s- F 

{x, y} = a<5 - /9 7 + Tr(X, W) - Tr(V, Z), where x = * J , y = \ ) . (43a) 

2. Quartic form g : 5 — > F 

q(x) = -2[aj8 - Tr(X, V)] 2 - 8[aiV(l) + (3N(Y) - Tr(AT B , V 8 )]. (43b) 

3. Triple product T:$x$x$^$ which is uniquely defined by 

{T(x,y,w),z} = q(x,y,w,z) (43c) 
where q(x, y, w, z) is the full linearisation of q(x) such that q(x, x, x, x) = q(x). 
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The automorphis m g roup is given by the set of invertible F-linear transformations preserving the quadratic and 
quartic forms [73|, [74[ , 

Aut(S) := {er £ Iso w (3)\q(ax) = q(x), {ax, ay} = {x, y}, Vx, = Conf (3) . (44) 

Generally, the automor p his m g roup corresponds to the U-duality group of corresponding 4-dimensional supergravi- 
ties (see for example [H|,|32|,[75[,[76j], and Refs. therein). The conventional concept of matrix rank may be generalised 
to Freudenthal triple s yst ems in a natural and Aut(^) invariant manner. The rank of an arbitrary element x £ $ 
is uniquely defined by [2^, [t3| : 

Ranks = 1 3T(s, x, y) + x{x, y}x = Vy; 

Ranks = 2 4^3y s.t. 3T(s, x, y) + x{x, y}x =^ 0, T(x, x, x) — 0; 

Ranks = 3 & T(x, x, x) 7^ 0, q(x) =0; ^ ' 

Ranks = 4 <^> q(x) ^ 0. 



B. M = 8 



The (1 + 27) + (1 + 27) electric+magnetic BH charges may be represented as elements 

~Qpo), where P°,q°£R and Q,PeZT (46) 

of the Freudenthal triple system := $(3® ). The details may be found in Isection III Al of [25| . and in Refs. 
therein. The automorphism group Aut(^° ) = Conf fjg ) = E 7 ^ is the D = 4, J\f = 8 U-duality group, where 
s e $ A transforms as the fundamental 56. The BH entropy is given by Eq. ([2]), where Ii{x) = A(s) = \q(x) is 
Cartan's unique quartic invariant polynomial of £7(7) [zlj. The U-duality charge orbits are classified according to 
the .E 7 (7)-invariant FTS rank of the charge vector, as defined in (|4"5"]) . This reproduces the classification originally 
obtained in [Tl, 59]. More precisely, we have the following 

Theorem 5. (ill . [26l I50T ] Every BH charge vector s € 5° 0/ a given rank is £7(7) related one of the following 
canonical forms: 



1. Rank 1 

(a) si 

2. Rank 2 

(a) s 2 

3. Rank 3 

(a) s 3 
4- Rank 4 



1 




1 (1,0,0) 




1 (1,1,0) 




(a) x ia = k(l { l > q 1 ' 1} ) 

(b) S45 = k 



1 (1,1,1, 




where k > 0. 



As anticipated, there is one orbit per rank, but with rank 4 splitting into 4a (A > 0) 1/8-BPS and 46 (A < 0) 
non-BPS. The orbits are summarized in ITable^Vl 
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TABLE V. Charge orbits, moduli spaces, and number # of "non-flat" scalar directions of D — 4, M = 8 supergravity defined 
over $° s . M = E T(7) / SU(8), dim K . = 70 [TJ. 



Rank 


BH 


Susy 


Charge orbit O 


Moduli space M 


# 


1 


doubly critical 


1/2 


E 7(7) 
E 6(8) KIR27 


Usp(8) 111 


1 


2 


critical 


1/4 


E 7(7) 
SO(6,5)xK-" xK 


SO(6,5) jr.32 it, 
SO(6)xSO(5) K JK ' X n ' 


7 


3 


light-like 


1/8 


E 7(7) 
F 4(4) KB 2 » 


Usp(6)xSU(2) ^ la 


16 


4(A > 0) 


large 


1/8 


E 7(7) 
E 6(2) 


^6(2) 
SU(6)xSU(2) 


30 


4(A < 0) 







E 7(7) 
E 6(6) 


^6(6) 
Usp(8) 


28 



C. AT = 2 Magic 

The (4 + 3 dim A) + (4 + 3 dim A) electric -(-magnetic BH charges may be represented as elements 



-<Zo P 

Q p c 



! 



where p",? u eK and Q,P€3? (47) 



of the Freudenthal triple system $ A := v?(3*)- The details may be found in Isection III A[ Ref. (25[, and in Refs. 
therein. The magic D = 4, N — 2 U-duality groups Gf are given by the automorphism group Aut(5 rA ) = Conf (3*) ■ 
For A = R,C,H,0 the U-duality group Gf is Sp(6, E), SU(3, 3), SO*(12), E 7{ _ 25) . The (8 + 6 dim A) charges 
transform linearly as the threefold antisymmetric traceless tensor 14', the threefold antisymmetric self-dual tensor 
20, the chiral spinor 32 and the fundamental 56 of Sp(6,R), SU(3, 3), SO*(12) and £"7(_25) ; respectively. 

The BH entropy is given by Eq. ([5]), where Ia{x) = A(x) = \q(x) is the unique quartic invariant polynomial of 
Gf. The U-duality charge orbits are classified according to the G^-invariant FTS rank of the charge vector, as 
defined in (|45|) . More precisely, we have the following 



Theorem 6. (Ill 1271 ] Every BH charge vector x £ J A of a given rank is Gf related one of the following canonical 
forms: 



1. Rank 1 

(a) x\ = 

2. Rank 2 

(a) x 2a 

(b) X 2 b 

3. Rank 3 

(a) x 3a 

(b) x 3b 
4- Rank 4 



1 




1 (1,0,0) 



1 (-1,0,0) 




1 (1,1,0) 



1 (-1,-1,0) 




( a) x 4a = k 

(b) x 4b = k 



1 (-1,-1,-1 




1 (1,1,-1) 
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where k > 0. 

Here, we see that the rank 2 and 3 orbits of the Af — 8 theory split in to one 1/2-BPS orbit and one non-BPS 
orbit each. The splitting of the large BHs is a little more subtle [12j |. There is, as always for Af = 2, one 1/2-BPS 
(Zj > 0) orbit, which we label 4a. However, there is also one non-BPS orbit for I4 > 0, which has vanishing central 
charge at the horizon Zh = 0. Finally, there is the universal non-BPS I4. < 0, which has non-vanishing central 
charge at the horizon. The orbit stabilizers are summarized in ITable VII The exceptional octonionic case is given 
as a detailed example in lsection A 11 which thus provides an alternative derivation of the result obtained in [11] . 



1. Af = 2 Magic Quaternionic versus Af = 6 

As is well known [T2I l57l . \\\2\ , Af = 2 magic quaternionic and Af = 6 supergravity share the very same bosonic 
sector; they are both related to the simple, rank-3 Jordan algebra over the quaternions, and their scalar manifold 
is the rank-3 symmetric coset ^jj^p-- 

It should also be noticed that the two real, non-compact forms of Ej given by £7(7) and £V(_25) contain 
.SO* (12) x SU(2) as a maximal subgroup, and indeed both manifolds eJxu(1) ( ran k-3 special Kahler, with dime = 
27) and J^g^ (rank-7, with dimjj = 70) contain the coset space ^Tjpjj^ as a submanifold. Such an observation 

reveals the dual role of the manifold SC ^ T St\ '■ it is at the same time the a- model scalar manifold of Af = 6 

t/(6) 

supergravity and of Af = 2 magic quaternionic Maxwell-Einstein supergravity. 

Starting from Af = 8, the supersymmetry truncation down to Af = 6 goes as follows: 



TV 



|), 28 (1), 56 (J ) 70,0) 



gravity mult. 



I 

[(2) ,6(|), 16 (1) , 26 (|) , 30 (0)] gravity mult. 
N = 6 : { (48) 
2 [(§), 6(1), 15 (i) , 20(0),] gravitino mults. 

In order to truncate the two Af — 6 gravitino multiplets away, one has to consider the [/-duality branching for 
vectors reads 

E 7(7) D SO* (12) x 517(2); 

56= (32,1) + (12, 2), (49) 

implying the truncation condition 

SO* (12) X SU (2) : (12, 2) = 0, (50) 
as well as the 7?.-symmetry branching (omitting U(l) charges) 

J\f=8 "^.-symmetry Af—G 7^-symmetry 

SU{8) D 17(6) x SU(2); (51) 
8= (6,1) + (1,2); 
28 = (15,1) + (1,1) + (6, 2); 
56 = (20,1) + (6,1) + (15, 2); 
70 = (15,1) + (15,1) + (20, 2), 

implying the truncation conditions 

U (6) x SU (2) : (1, 2) = (6, 2) = (15, 2) = (20, 2) = 0. (52) 

Note that the commuting SU (2) factor in (|5ip may be regarded as the "extra" 7?.-symmetry truncated away in the 
supersymmetry reduction Af = 8 — > Af = 6 obtained by imposing (1501) and (|52p . which corresponds to the following 
scalar manifold embedding: 

E ^ D^M. (53) 



ST/ (8) 1/(6) 
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On the other hand, the supersymmetry truncation Af = 8 — > Af = 2 goes as follows: 



7V = 8 



(2). S(|), 28(1), 56 Q ] . 70(0. 



gravity mult. 



Af = 2 



f [(2) , 2(f), (1)] gravity mult. 

6 [(§), 2(1), (i)] gravitino mults. 

15 [(1), 2(i), 2(0)] vector mults. 
, 10 [2 (|) , 4(0)] hypermults. 



(54) 



In order to truncate the six Af = 2 gravitino multiplets away, the same condition (|50|) on /7-irreps. has to be 
imposed. On the other hand, by reconsidering (|51[) with the the different interpretation of 7?.-symmetry branching 
A/" = 8 — !• A/" = 2 (the commuting SU (6) factor in (ISTj) now refers to the "extra" 7?.-symmetry truncated away), the 
following truncation conditions, different from (|52l) . are obtained: 



U (6) x 5/7 (2) : (6, 1) = (6, 2) = 0. 



(55) 



Thus, by imposing (|50l) and (|55|) . one achieves a consistent truncation of Af = 8 down to Af = 2 magic octonionic 
supergravity coupled to 15 vector multiplets and 10 hypermultiplets, which at the level of the scalar manifold reads: 



E- 



7(7) 



SO* (12) 

D r^+^— X 



E, 



6(2) 



5/7(8) U{6) SU{6)xSU(2) 
The Af = 2 hyper sector can be consistently truncated away, by further imposing 

U (6) x SU (2) : (20, 1) = (20, 2) = 0, 



(56) 



(57) 

thus yielding ([53|) . 

On the other hand, starting from the Af — 2 exceptional magic supergravity with no hypermultiplets, the 
truncation down to its Af — 2 magic quaternionic sub-theory is dictated by the following branchings (H is the local 
symmetry group of the scalar manifold, up to a U (1) factor): 



//-duality 
77-symmetry 



-E'7(-25) 7) SO* (12) x SU (2) , 
56 = (32,1) + (12, 2); 

£ 6( _ 78L 7J SU (6)xSU(2), 
27= (6,2) +(15,1), 



implying the truncation conditions 



SO* (12) x ST/ (2) : (12,2) = 0; 
5/7(6) x 5/7(2) : (6,2) = 0. 



(58) 
(59) 



(60) 
(61) 



Under such positions, one achieves a consistent truncation of Af = 2 exceptional Maxwell-Einstein supergravity 
down to its Af = 2 magic quaternionic sub-theory which at the level of the scalar manifold reads: 



7(-25) 



E 6( _ 78} x £7(1) 



SO* (12) 
f/(6) ■ 



(62) 



Once their origin as truncation has been clarified, it is thus evident that Af = 2 quaternionic and Af — 6, D = 4 
supergravities exhibit indistinguishable bosonic sectors, and therefore their charge orbits are the same, and their 
attractor equations 12[ have the same solutions. 

In order to elucidate the different supersymmetry properties of the charge orbits, by recalling the spin content 
of the Af = 6 gravity multiplet, it should be noticed that its 16 vector fields decompose as 15 + 1 with respect to 
the Af = 6 7\L-symmetry (as well as the 26 gauginos and the 30 scalar fields decompose as 20 + 6 and 15 + 15, 
respectively). Thus, the Af = 6 dyonic charge vector Q splits as 



Af = 6: Q = (X, Z AB , Z AB , X 



(63) 
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where X is a complex 5t/(6)-singlet, and Zab (A = 1, 6) is the complex 6x6 antisymmetric central charge 
matrix. The intertwining supersymmetry-preserving properties for the "twin" theories Af — 2 magic quaternionic 
versus "pure" Af = 6 can be obtained by noticing that the Af = 2 counterpart of (|63p is given by 

N = 2 : Q = (Z, Z h Z T , Z) , (64) 

where Zi = DiZ are the so-called matter charges (namely, the Kahler-covariant derivatives of the Af = 2 central 
charge Z). As summarized in Table 9 of [12], (l63l) and (|64[) imply that the role of "large" BPS orbits and non-BPS 
orbits with (all) central charge(s) vanishing is flipped under the exchange Af = 2 i — ► Af — 6; as mentioned, such a 
kind of "cross-symmetry" is easily understood when noticing that the Af — 2 central charge Z corresponds to the 
S'[/(6)-singlet component X of Q and that the 15 complex Af = 2 matter charges Zi correspond to the 15 

independent complex elements of the 6x6 antisymmetric Af — 6 central charge matrix Zab- 

These considerations can be extended to "small" charge orbits, by observing that orbits with representatives 
having Z — necessarily are non-BPS orbits (because they cannot saturate any BPS bound) and, in light of 
the above reasoning, they correspond to Af = 6 orbits with X = representative. These simple arguments, 
combined with the nilpotent orbits' analysis summarized in Table V of [79| . allows one to determine the intertwining 
supersymmetry-preserving properties related to the charge orbits, listed in the Table below (we use the orbit 
nomenclature reported in lTablc VII and for small orbits the representatives are reported in brackets): 



o 


Af = 2, Jf 


Af = 6, Jf 




4n 


1/2-BPS 


nBPS: X h ^0,Z AB m 


= 


46 


nBPS : Z H = 


1/6-BPS : X H = 0, Z ABM £ 


4c 


nBPS : Z H ^ 


nBPS: X H ^0,Z ABM 




3 a 


nBPS (Z = 0) 


1/6-BPS {X = 0) 




lib 


1/2-BPS (Z ^ 0) 


nBPS {X ^ 0) 




2(i 


nBPS (Z = 0) 


1/3-BPS (X = 0) 




2b 


1/2-BPS (Z ^ 0) 


1/6-BPS (X ^ 0) 




1 


1/2-BPS (Z ^ 0) 


1/2-BPS (X ^ 0) 





(65) 



For analogue treatment in D = 5, see [301 ] . 

D. The Af — 4 and Af = 2 Reducible Jordan Symmetric Sequences 

1. Af = 4 

For Af = 4 supergravity coupled to ny vector multiplets, the (n + 6) + (n + 6) electric -(-magnetic BH charges 
(where n = riy ^ 0) may be represented as elements 



-9o P 



P° 



where p°,g°eR and Q,Pe3 5 , n -i (66) 



of the Freudenthal triple system $ 6 > n := St^n-i)- The details may be found in Isection III Al of [251, and in 
Refs. therein. The reducible D = 4, Af = 4 U-duality group is given by the automorphism group Aut(5 r6,n ) = 
Conf (35, n -i) = SL(2, R) x SO(6, n) under which x £ i? 6 '™ transforms as a (2, 6 + n). The BH entropy is once again 
given by Eq. $Z§, where I±{x) — A(x) — ^q{x) is the unique quartic invariant polynomial of SL (2, R) x SO (6, n). 
The U-duality charge orbits are classified according to the SL(2,R) x SO(6, n)-invariant FTS rank of the charge 
vector. More precisely, we have the following theorem (25| . 

Theorem 7. Every BH charge vector x £ J 6 '™ of a given rank is SL(2,R) x SO(6,n) related one of the following 
canonical forms: 



1. Rank 1 

(a) x\ = 

2. Rank 2 

( a) x 2a = 



1 





1 E l 




TABLE VI. Charge orbits, moduli spaces, and number # of "non-flat" scalar directions of the magic D = 4,7V = 2 supergravities defined over J A , A = R, <D,H,0. 
M = Aut(5 A )/mcs(af t ). dim E M = 6 + 6dimA 



Rank 
1 

2a 
26 
3a 
36 
4a 
46 
4c 

Rank 
1 

2a 
26 
3a 
36 
4a 
46 
4c 



BH 



small d. critical 
small critical 
small critical 
small light-like 
small light-like 
large time-like 
large time-like 
large space-like 

BH 

small d. critical 
small critical 
small critical 
small light-like 
small light-like 
large time-like 
large time-like 
largo space-like 



Susy 

1/2 


1/2 


1/2 
1/2 

(Zff=o) 
(z H ^o) 

Susy 

1/2 


1/2 


1/2 
1/2 

(z H =o) 
(z H ?o) 



3°,n v 



27, M = £ r( _ 25) /[U(1) x£ 6( _ 78) ] 



Orbit O 

- E 7(-25) 
B 6( _ 26) XR 27 

- E 7(-25) 
SO(2,9)kK 32 OT 

- E 7(-25) 

sofi.iojxEf^eR 



"7(-25) 



Moduli space M 

i '4(-52) 

SO(2,9) 
SO(2)xSO(9) 



X R ©E 



^7(-25) 



p 4(-52) 



KE J6 



SO(1,10) K 32 

SO(10) K R eI 

F 4(-20) K/ „26 

SO(9) K K 

R 26 



- B 7(-25) 




B 6(-78) 




- B 7(-25) 


- B 6(-14) 


- B 6(-14) 


SO(10)xSO(2) 


B 7(-25) 


E 6(-2S) 


E 6(-2B) 


F 4(-52) 



5 C , nv = 9, M = SU(3,3)/[U(1) x SU(3) x SU(3)] 



Orbit O 

SU(3,3) 
SL(3,C)xR' J 

SU(3,3) 



[SO(2,3)xSO(2)]xR( 4 . 2 >( 

SU(3,3) 

[SO(1,4)xSO(2)]kR< 4 . 2 ){ 

SU(3,3) 
SU(l,2)xR s 

SU(3,3) 
SU(3)xRS 

SU(3,3) 
SU(3)xSU(3) 

SU(3,3) 
SU(l,2)xSU(l,2) 

SU(3,3) 
SL(3,C) 



Moduli space M 

SU(3) K K 
SO(2,3) 



SO(2)xSO(3) 



X R*ffiR ';.DR 



x R 4 eR 4 ©i 

SU(1,2) 



U(l)xSU(2) 

R 8 



SU(l,2)xSU(l,2) 
[U(l)xSU(2)] 2 

SL(3,C) 
SU(3) 



# 
1 

3 
11 
12 
28 
54 
22 
28 

# 
1 

3 

5 

6 

10 

18 

9 

10 



-vH 



Orbit O 

SO* (12) 
SU*(6)Kt 15 

SO* (12) 



15, M = SO*(12)/U(6) 

Moduli space M. 

S P (6) K Rl5 



[SO(2,5) X SO(3)] xR( 8 ' 2 ) ffiR 

SO*(12) 

[SO(l,6)xSO(3)]xR< 8 . 2 )eR 

SO* (12) 
Usp(2,4)xR 14 

SO* (12) 
Usp(6)xR 14 

SO*(12) 
SU(6) 

SO*(12) 
SU(4,2) 

SO*(12) 
SU*(6) 

Orbit O 

Sp(6,R) 
SL(3,R)xR.e 

Sp(6,E) 
SO(2,2)xR 4 eR 

Sp(6,E) 
SO(l,3)xR 4 eR 

Sp(6,E) 
SU(l,l)xR 5 

Sp(6,E) 
SU(2)xR 5 

Sp(6,B.) 
SU(3) 

Sp(6,E) 
SU(1,2) 

Sp(6,B.) 
SL(3,E) 



SO(2,5) 
SO(2)xSO(5) 



X R 8 eR 8 ©E 



Usp(2,4) 
Usp(2)xUsp(4) 

R 14 



SU(4,2) 



SU(4)xSU(2) 

SU*(6) 
Usp(6) 



M = Sp(6,R)/U(3) 
Moduli space M. 

SL(3,R) w „ 6 



SO(3) 

SO(2,2) 
SO(2)xSO(2) 



X E 4 ®R 



SU(1,1) 



U(l)xU(l) 

R 6 



SU(1,2) 
U(l)xSU(2) 

SL(3,R) 
SO(3) 



# 
1 

3 
7 
8 
16 
30 
13 
16 

# 
1 

3 

4 

6 

7 

12 

8 

7 
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(b) X 2 b = 

( C) X 2c = 

3. Rank 3 

( a) x 3a - 

(b) x 3b = 
4- Rank 4 

( a) x ia = k 

(b) x ib = k 

(c) x ic = k 



1 -Ei 



1 E 2 




1 E% + Es 



1 E2 — E3 




1 —Ei + E2 + E3 



1 Ei + E2 — E3 



1 —Ei + E2 — Es 




where k > and the Ei are as given in (|34p . 

The orbit stabilizers are summarized in ITablc VTT1 

2. AT =2 

For AT — 2 supergravity theories coupled to ny vector multiplets whose scalar manifolds belong to the so-called 
Jordan symmetric sequence of special Kahler geometry, the (n + 2) + (n + 2) electric+magnetic BH charges (where 
n = riy — 1^1) may be represented as elements 



-5o P 



P° 



where p ,q°eIR, and Q,PeZi,n-i (67) 



of the Freudenthal triple system $ 2 ' n := ^(-Ji.n-i)- The details may be found in Isection III Al of [25j . as well as 
in Refs. therein. The reducible D = 4, Af — 2 U-duality group is given by the automorphism group Aut(^ 2 '™) = 
Conf (3i,n-i) = SL(2, H) x SO(2, n) under which x £ J 2 '™ transforms as a (2, 2 + n). The BH entropy is once again 
given by Eq. where Ii{x) = A(x) = \q(x) is the unique quartic invariant polynomial of SL (2, R) x SO (2, n). 
The U-duality charge orbits are classified according to the SL(2,R) x SO(2, n)-invariant FTS rank of the charge 
vector. The orbit representatives are as in IThcorem 71 25]. However, physically each 1/4-BPS orbits of ITablc VIII 
splits into one 1/2-BPS orbit and one non-BPS orbit, see ITablc Villi This splitting is determined by the sign of 
the quantity [l2| 

1 2 = \Z\ 2 -\D S Z\ 2 . (68) 

Here, Z is the central charge and D$Z is the axion-dilaton matter charge, where D$ is the Kahler covariant 
derivative on the scalar manifold along the axion-dilaton direction; this is a "privileged" scalar direction, because 
the scalar manifold is factorized. In fact, noting that the Af = 4, D = 4 1/4-BPS canonical forms all have a 
Jordan algebra element that has two disconnected components under Stro(3i irl _i), the sign condition on (I68|) can 
be rephrased in terms of the charges. 

E. Interpretation of ttl-BPS,rank-i = * 
As reported in the Tables, all symmetric D — 4 theories share the same result, namely: 

fti-BPS,rank-l = 1- (69) 



TABLE VII. Charge orbits, moduli spaces, the number # of "non-flat" scalar directions of the reducible D = 4, M = 4 supergravities defined over 5 6 '" := d(3s.n-i)- 
M = [SL(2,R) x SO(6,n)]/[SO(2) x SO(6) x SO(n)]. dim R (M) = 6n + 2. For comparison we have included the orbit labeling used in and then in [HI and [Sj. The 
table is split according as the BHs are small or large. 



Rank 
1/A.3 

2a/A.2 

26/A.l 

2c/B 

Sa/C.l 

36/C.2 

4a/a 
46/7 
4c//? 



BH 

d. critical 

critical 

critical 

critical 

light-like 

light-like 

time-like 

time-like 

space- like 



Susy 
1/2 



1/2 
1/4 
1/4 


1/4 

(Z A b,h = 0) 
(Z A b,h ± 0) 



Charge orbit O 

SL(2,R)xSO(6,n) 

[SO(l,l)xSO(5,n-l)]K(B.xB.5."-l) 

SL(2,R)xSO(6,ra) 



SO(6,n-l)xR 




SL(2,R)xSO(6,n) 




SO(5,n)xR 




SL(2,R)xSO(6,n) 




[SO(2,1)kR] x[SO(4,n-2)x(R 4 .' 




SL(2,R)xSO(6,ra) 




[SO(4,n-l)xR 4 -"- 1 


xR 


SL(2,R)xSO(6,n) 




[SO(5,n-2)KE 5 ."- 2 


xR 


SL(2,R)xSO(6,n) 





SO(2)xSO(4,«) 

SL(2,R)xSO(6,n) 
SO(2)xSO(6,n-2) 

SL(2,R)xSO(6,n) 
SO(l,l)xSO(5,n-l) 



Moduli space M 

SO(l,l)xSO(5,«-l) ExE 5, re -l 
SO(5)xSO(n-l) RxR 

SO(6,n-l) 
SO(6)xSO(n-l) K K 

SO(5,n) 
SO(5)xSO(n) K R 

SO(2.1)xSO(4,u-2) 4 „_ 2 4 „_ 2 

SO(2)xSO(4)xSO(n-2) * Rx l R ' © H ' 1 

SO(4.n-l) 4 j 

SO(4)xSO(n-l) K RxR ' 

SO(5,n-2) 5 „_ 2 

SO(5)xSO(n-2) K RxR ' 

SO(4.ra) 
SO(4)xSO(n) 

SO(6,n-2) 
SO(6)xSO(n-2) 

SO(1,1)xSO(5,tc-1) 
SO(5)xSO(n-l) 



# 
1 

7 

2n + 2 
4 



2n + 2 
14 

n , + 6 



tO 

to 



TABLE VIII. Charge orbits, moduli spaces, and number # of "non-flat" scalar directions of the reducible D = 4,J\f = 2 supergravities defined over 5 2,n : = 5(0i,n-i)- 
M = [SL(2,R) x SO(2,n)]/[SO(2) 2 x SO(n)]. dim R (M) = 2n + 2. For comparison, we have included the orbit labelling used in and then in [23j] and [23 ], The table 
is split according as the BHs are small or large. 



Rank 
1 

la 

2b 

2c+ 

2c" 

3a + 

3a~ 

36 

4a + 

4a" 

4b 

4c 



[22] 
A.3 

A.2 

A.l 

B 

B 
C.l 
C.l 
C.2 

a 

a 

7 





BH 

d. critical 
critical 
critical 
critical 
critical 
light-like 
light-like 
light-like 
time- like 
time- like 
time- like 
space- like 



Susy 
1/2 



1/2 

1/2 J 2 > 
0X 2 < 
1/2 1 2 > 
01 2 < 


1/2 1 2 > 
0I 2 <0 
0Z H =0 
0Z H 7^0 



Charge orbit O 

SL(2,R)xSO(2,n) 



Moduli space M 



[SO(l,l)xSO(l,n-l)]K(H.xR 1 ."- 1 ) 

SL(2,R)xSO(2,n) 
SO(2,n-l)xK 

SL(2,R)xSO(2,n) 
SO(l,ra)xR 

SL(2,R)xSO(2,n) 

[SO(2,l)xR]x[SO(n-2)lx(R™- i! eR'»- 2 )] 

SL(2,R)xSO(2,n) 

[SO(2,l)xR]x[SO(n-2)«(R"- i! eR.' ,_2 )] 

SL(2,R)xSO(2 n) 
[SOtn-lJxRi-HxR 

SL(2,R)xSO(2 n) 
[SO(n~l)xR"- 1 ]xR 

SL(2,R)xSO(2 n) 
[SO(l,n-2)xR"- 1 ]xR 

SL(2,R)xSO(2,n) 
SO(2)xSO(n) 

SL(2,R)xSO(2,n) 
SO(2)xSO(n) 

SL(2,R)xSO(2,n) 
SO(2)xSO(2,n-2) 

SL(2,R)xSO(2,n) 
SO(l,l)xSO(l,n-l) 



SO(l,l)xSO(l,n-l) 
SO(n-l) 



«RxK 



SO(2,n-l) 
SO(2)xSO(n-l) 



x R 



x R x [R n ~ 2 E"- 2 ] 



SO(2,l) 
SO(2) 



x R x [B n " 2 e R n ~ 2 ] 
B x E" -1 
B x R"" 1 
s q °^'"- 2) x R- 1 x R 

SO(n — 2) 



SO(2,n-2) 
SO(2)xSO(n~2) 

SO(l.l)xSO(l.ra-l) 
SO(n-l) 



# 
1 

3 

n + 1 
3 
3 

n + 2 
n + 2 
4 

2n + 2 
2n + 2 
8 

n + 2 
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Note that the rank-1, doubly critical orbit is always unique, corresponding to the maximum weight vector in the 
relevant representation space. Up to U-duality all rank-1 D = 4 black holes may be regarded as a pure KK state 
of the 5-dimensional parent theory. All along the i-BPS rank-1 scalar flow [23j, there is only one "non-flat" scalar 
degree of freedom. 

This can be easily interpreted by recalling that the first-order superpotential of the Af = 2 BPS flows is nothing 
but W = \Z\, where Z is the Af = 2 central charge [80|. Thus, by considering the general expression of Z in a 
generic ci-special Kahler geometry (given by Eq. (4.9) of [29|]) for the relevant representative 1-charge configuration 
in which the dependence on only one scalar field is manifest (which turns out to be {qo}), one obtains: 

where V = t\ k , Tkk denoting the KK radius in the KK reduction D = 5 — > D = 4 [29]. 

In the cases Af = 8 and Af = 4, similar results can be obtained from the treatment given in [8l| and [22l |. 
Analogous explanations can be given for the result (p9"|) for D = 5 charge orbits, as reported in the relevant Tables. 



F. The Af =2 STU, ST 2 and T 3 Models 



1. STU 



The STU model is Af = 2 supergravity coupled to three vector multiplets. However, it has an additional discrete 
triality, which exchanges the roles of the three complex moduli. This triality has a stringy explanation first identified 
in [li]]. It is essentially a remnant of the D = 6 equivalence between the heterotic string on T 4 , the Type IIA string 
on K3 and the Type IIB string on its mirror. The STU model is thus a noteworthy element (n = 2) of the Af = 2, 
D = 4 Jordan symmetric sequence discussed above. 

The (1 + 3) + (1 + 3) electromagnetic charges may be represented as elements 

where p°,q°eR and (q; q v ), (p;p M ) G (71) 
of the Freudenthal triple system J 2 ' 2 := 3t3i,i)- 

The U-duality group Aut{$ S Tu) = Conf (Ji j = M 8 r M = RfflEffiI) = SL(2, R) x SO(2, 2) may be recast in a 
form reflecting this triality symmetry using the isomorphism SO(2, 2) = SL(2, R) x SL(2, R). From the the heterotic 
string perspective this corresponds to an SL(2,Z)s strong/weak coupling duality and an SL(2,Z)t x SL(2, Z)j/ 
target space duality acting on the dilaton/ axion, complex Kahler form and the complex structure fields S, T, U 
respectively. At the level of the FTS [2(| HO, EH) this is realised by the Jordan algebra isomorphism = 
R © r^i = R ffi R © R = 3stu which, for (qi, q 2 , 53) G 3stc/ and (5; 5^) G is given by, 

91 = 9, 92 = 9o + qi, q3 = qo~qi, (72) 

so that the STU cubic norm becomes 

N(Q)=qiq 2 q3. (73) 

By renaming 

f -9o (Pi,P2,Pa)\ ( aooo (ooii,aioi,ano) 
\(9i ; 92,93) P° / V(aioo,aoio,aooi) am 

the charges may be arranged into a 2 x 2 x 2 hypermatrix ciabc, where A,B,C — 0,1, transform as a (2,2,2) 
under SL^(2, R) x SL#(2, R) x SLc(2, R). In such a way, the quartic norm is given by Cayley's hyperdeterminant 
Det a abc USUI, 

A = -Beta = ^e^e^e^e^e^e^aA.B^aA^c.aA^c^A^c, (75) 

and 



r -(-<lo (P^)) 




S , D=4,BH = 7T\/|Deto|. 



(76) 
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This observation lies at the origin of the "black- hole/qubit correspondence" (50l l5ll l82l [83 - l96j . The hyperdeter- 
minant is manifestly invariant under the triality A -R- B <-> C. The role of more general hyperdeterminants in 
M-theory can be found in [97|, 198J . 

The implication of this triality for the structure of the orbits is that what are distinct cosets for generic ny 
become isomorphic for the STU case. In particular, we find that for the STU model [|cj 

2a £* 2b S 2c , 3a S G 36 (77) 

as can be seen immediately from ITablc Villi setting n = 2. However, while the cosets are isomorphic the distinct 
physical properties of each orbit are preserved, so that the STU model can really be included in the generic sequence. 



2. ST 2 



On the other hand, the orbit structure of the ST 2 model, which can be seen as the first (n = 1) element of the 
Jordan symmetric sequence, J\f = 2 coupled to two vector multiplets, does depart from the one discussed so far. 
The (1 + 2) + (1 + 2) electromagnetic charges may be represented as elements 

-qo (p\p 2 )\ „, o o 



fe,^) p' 



where p",?"eR and (p\p 2 ), (<?i, q 2 ) £ R © R (78) 



of the Freudenthal triple system J 2,1 := 5(3i)- Here, 3i = R©Ti = R©R now has an "Euclidean" cubic norm 

N(Q) = qi(q 2 ) 2 , Q € 3st 2 , (79) 

which implies there is only one rank 2 Q € 3st 2 u P t° Str (3st 2 ) = SO (1,1), which is now pure dilatation. 
Consequently, the third rank 2 orbit (in the FTS) of the generic sequence (nv > 3) vanishes [25| . 

The U-duality group is Aut(3 r sT 2 ) — Conf (R© R) = SL J 4(2,R) x SLs(2,R) under which the charges transform 
as a (2, 3). Again, this symmetry is made manifest by writing the charges as a hypermatrix 

Q = a A(B 1 B 2 )- (80) 

The BH entropy is given by Eq. (|76j). with the hyperdeterminant now being the " ST 2 degeneration" of the expression 
holding for the STU model (see e.g. [18J for further details). The canonical forms are presented in lTheorcm 81 25]. 
The orbits may be obtained from ITablc Villi by setting n = 1 (when this is still well defined - when it is not, the 
orbit is not present). 

Theorem 8. [25| Every element x € $st 2 °f a given rank is SL(2,R) x SL(2,R) related to one of the following 
canonical forms: 



,10 

(a) x 



1. Rank 1 

" l = \ \) i) 

2. Rank 2 

(a) x 2a 

(b) x 2b 

3. Rank 3 

(a) x 3a 
4- Rank 4 



1 (1;0) 



1 (-1;0) 




1 (0;1) 




(a) X4 a — k ^ q 

(b) X4 b = k 



i (i;i) 
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3. T A 

Finally, we come to the T 3 model. Unlike all the other cases treated here, the T 3 has a cubic Jordan algebra, 
Zt 3 = with a single non-zero rank. The cubic norm is given by 

N(Q) = q 3 , qe R. (81) 

Hence, there is only a single rank given by N(Q) ^ 0: all non-zero elements are rank 3. Consequently, the rank 2, 
where we now mean in the FTS 3{Zt 3 ): orbit disappears entirely [25j. That is, if a small BH is critical, then it is 
doubly critical. 

The U-duality group is Aut(5r-3) = Conf(R) = SLa(2,R) under which the charges transform as a 4 (spin 
s = 3/2). Again, this symmetry is made manifest by writing the charges as a hypermatrix 

Q = a,(A 1 A 1 A 2 )- (82) 

The BH entropy is given by Eq. (|76l) , with the hyperdeterminant now being the "T 3 degeneration" of the expression 
holding for the STU model (see e.g. [18J for further details). 

Accounting for the vanishing rank 2 case, the remaining SL J 4(2, R)-orbits are given in lThcorem 91 

Theorem 9. 25] Every element x £ St 3 of s given rank is SL(2, R) related to one of the following canonical forms: 

1. Rank 1 



(a) x x = 

2. Rank 3 

(a) x 3a 

3. Rank 4 



1 





1 








(b) x 4b = k (l I 



There are now just four orbits: small doubly critical (rank 1) 1/2-BPS, sm all lig ht-like (rank 3) 1/2-BPS, large 
(rank 4) 1/2-BPS and non-BPS. This is consistent with the analysis of |99l - ll0l| . which relies on the theory of 
nilpotent orbits. The BPS nature of both "small" (rank 3 and rank 1) charge orbits of this model can also be 
easily understood by recalling the result derived in Sec. 5.5 of [23], namely that the "small" limit of the first-order 
("fake") superpotentials of both BPS and non-BPS attractor scalar flows yields nothing but the absolute value \Z\ 
of the Af — 2 central charge. 

Performing a time-like reduction (since we are interested in stationary solutions) the resulting 3-dimensional T 3 
model has G 2 (2) U-duality, with scalars parametrising the pseudo-Riemannian coset, 

° m (83) 



SO (2,2) 



The nilpotent SOo(2, 2)-orbits of 02(2) correspond to six static (i.e. single or non-interacting centre) extremal 
solutions [90]. However, o nly four of these orbits, labeled Oi, O2, OzKi in [SSl, correspond to physically 

acceptable static solutions [99(. From our perspective the unphysical orbits cannot be seen and it can be checked 
that the four orbits we describe correspond precisely to the four physical orbits of [991 - 410 1 1 . Explicitly, where we 
use the labeling in ITheorem 9| 

Ox < — ► Xl small doubly critical (rank 1) 1/2-BPS, 

e> 2 < — > X3 small light-like (rank 3) 1/2-BPS, , . 

3K <— > X4a large (rank 4) 1/2-BPS, (84j 

4K > < — > Xib large (rank 4) non-BPS. 



2G 



The orbit stabilizers are summarized in ITable 1X1 Note, the two large (1/2-BPS and non-BPS) orbits have no 
continuous stabilizers. However, the 1/2-BPS case does have a discrete Z3 stabilizer generated by 

1 / -1 Vs) 

2 1-V3 -1, 



M 



(85) 



where M £ SL(2,R). Note, this is a finite subgroup of the SL(2,R) U-duality and should not be misconstrued as 
a sub-group the STU triality symmetry, which collapses upon identifying the moduli. The origin of Z3 is easily 
understood in terms of the "parent" 1/2-BPS rank-4 STU orbit stabilizer SO(2) x SO(2). Recall, the Lie algebra 
of the automorphism group 21^(5(3)) decomposes under the reduced structure group Stro(3) according as 

auit(3(j)) = ©tt&(3)©3©3eii. (86) 

The 1/2-BPS rank-4 STU stability group is conjugate t43 an SO(2) x SO(2) generated by (using the notation 
introduced in |appendix A[ ) $ = (0,A, -A,0), $ e 6tt (3) © 3 © 3 © R, such that Tr(X) = 0. One possible 
parametrization of SO(2) x SO(2) C SL^(2, R) x SL B (2, R) x SL C (2, R), obtained by exponentiating $, is given by, 



/ cos(</>) — sin(</>) 
I sin(</>) cos(0) 



cos^) — sin(V') 
sin(^) cos(V') 



cos(</> + ip) sin(0 + ip) 
- sm((f> + ip) cos(</> + ip) 



(87) 



Symmetrizing down from the STU model to the T 3 model implies identifying the three factors appearing in the 
above parametrization. This gives (|85l) and its powers, hence picking out a finite subgroup. Alternatively, this 
may be checked directly using the totally symmetrized hypermatrix, which transforms as 



\a x a 2 a 3 ) = M Al Al MA 2 A2 M A3 A3 a( A < iA ' 2A ' 3 < ) , 



(88) 



under SL(2,R). Solving af a 



a J Al A 2 A a )' wnere a f AlA:!A3 ) is the orbit representative appearing in lTheorem 9[ 



a (A 1 A 2 A 3 ) i-> a 

-,4a 

\A\A2A3) 

yields the same conclusion. Since this Z3 forms a finite sub-group of a compact stabilizer there should be no 
corresponding "discrete" moduli space. 

By considering its embedding in the STU model it is also particularly easy to see why there is no discrete 
stabilizer in the unique A < non-BPS orbit. The A < non-BPS STU orbit stabilizer is conjugate to an 
SO(l, 1) x SO(l, 1) generated by $ = (0, 0, 0, 0), (j> € 6tto(3)- Equivalently, there is a U-duality frame in which only 
the two graviphoton charges are turned on. Since the graviphotons are singlets under the D — 5 U-duality group 
the stabilizer is precisely Stro(J). This is true for all D = 4 theories based on cubic Jordan algebras, explaining this 
common feature of the A < non-BPS orbits. However, for the T 3 model Stro(3) contains only the identity, hence 
there can be no discrete stabilizer. This expectation is borne out by explicit computation. Note, since the presence 
of only graviphoton charges implies A < 0, this charge configuration is only possible for A < non-BPS states. 



TABLE IX. Charge orbits, moduli spaces, and number # of "non-flat" scalar directions of the D — 4, T 3 model. M — 
SL(2, R)/ SO(2), dimiR = 2. L+ is the generator of SL(2, R) with positive grading with respect to its maximal subgroup 
SO (1,1). 



Rank 
1 

3 

4(A > 0) 
4(A < 0) 



BH 

doubly critical 
light-like 

large 



Susy 
1/2 

1/2 

1/2 





Charge orbit O 

SL(2,B.) 

SL(2,B.) 
1 

SL(2,B.) 
Z 3 

SL(2,B.) 
1 



Moduli space M 
R 



# 
1 

2 

2 

2 



G. J\f = 2 Minimally Coupled 

We now consider Af = 2, d = 4 ungauged supergravity minimally coupled (mc) (53j to ny Abelian vector multi- 
plets, whose scalar manifold is given by the sequence of homogeneous symmetric rank-l special Kahler manifolds 

MM=2, mc , n = CP" = ^ =2 ' mc '" = TT , U , (1 '? T ) , 1 , , dim R = 2n, n = n v G IN. (89) 

Hu=2,mc,n U(n) X U(l) 



4 In fact, for our orbit representative, equal to. 
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This theory cannot be uplifted to D = 5, and it does not enjoy an interpretation in terms of Jordan algebras. 
The 1 + n vector field strengths and their duals, as well as their asymptotical fluxes, sit in the fundamental 
1 + n representation of the U-duality group G_v = 2 ;mc , n = U (l,7i), in turn embedded in the symplectic group 
Sp (2 + 2n, R). The unique algebraically independent invariant polynomial in the 1 + n of U (f , n) is quadratic: 



\ gg - + (pP) a _ (p*) a = \Z\ 2 - Zi Z'. |!><» 



The general analysis of the Attractor E qua t ions , BH charge orbits, attractor moduli spaces and split attractor of 
such a theory has been performed in [l2|, H3, Il02l 1 1 03| ] ; here we recall it briefly, and further consider the "small" 
charge orbit of such models. 

1 . the "large" (rank-2) BPS charge orbit reads [f2[ 

OBPS,rank-2 = A dim E = 2n + 1, 1 2 > 0. (91) 

Thus, as for all "large" BPS charge orbits [7j, there is no associated attractor moduli space or, equivalently, 
the number of "non-flat" scalar directions along the flow is # = 2n. 

2. the "large" (rank-2) non-BPS charge orbit (with Zh — 0) reads 

U(l n) 

O nB ps, rank-2 = „,/ ' ' , dim R = 2n + 1, X 2 < 0. (92) 
U ( 1 , n — 1) 

Thus, the associated attractor moduli space reads 

M nBPS ,rank-2 = CP™" 1 , # = 2. (93) 

3. the unique "small" (rank-f ) BPS charge orbit reads 

U(l n) 

B ps,rank-i = — ^ l/ dim R = 2n + 1, X 2 = 0, (94) 

U(n - 1) x U (1) k C„ 

where the subscript denotes charge with respect to the U(l) commuting factor of the stabilizer. Thus, the 
associated attractor moduli space reads 

M B PS,rank-l = C"" 1 , # = 2. (95) 

It is worth of notice that (non-compact forms of) CP™ spaces as moduli spaces of string compactifications have 
appeared in the lite rature, either as particular subspaces of complex structure deformations of cer tain Calabi-Yau 
manifold [l04 | l 05j| or as moduli spaces of some asymmetric orbifolds of Type II superstrings [l06l - ll09l |. or of 
orientifolds [llOj |~ 



H. TV = 3 



The (Kahler) scalar manifold is 54 1 



U (3, n) 



H^ =3 , n SU(3) x U(n) x U(l)' 



dimi 



6n. 



(96) 



This theory cannot be uplifted to D — 5, and it does not enjoy an interpretation in terms of Jordan algebras. 

The 3 + n vector field strengths and their duals, as well as their asymptotical fluxes, sit in the fundamental 3 + n 
representation of the U-duality group Ga^=3,m = U (3, n), in turn embedded in the symplectic group Sp (6 + 2n, R). 
The unique algebraically independent invariant polynomial in the 3 + n of U (3, n) is quadratic, and it reads 
(A = I, 2, 3, 1=1,..., n) [13: 



( lA 



qf + (p A ) -(P*) S 



-Za B Z — ZiZ , 



(97) 



The general analysis of the Attractor E quations, BH charge orbits, attractor moduli spaces and split attractor of 
such a theory has been performed in [57], If 02l If 03l | ; here we recall it briefly, and further consider the "small" charge 
orbit of this theory (the results are also consistent with the D — 3 analysis of [zU). 
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1. the "large" (rank-2) j-BPS charge orbit reads [m| 

U(3 n) 

O^-BPS.rank-2 = dim R = 2n + 5, 1 2 > 0. (98) 

The associated attrac tor m oduli space, as all the -^--BPS attractor moduli spaces of Af ^ 3-extended, D = 4 
supergravity theories [l!2j . is a quaternionic symmetric space (recall Eq. ()93[) 1 : 



M^_ BPS , ran k- 2 = SU(2) X SU^ X U(l) = ° ^ = ° ^ M ^= 2 ^ mc - nBPS - rank -^ ' # = 2 ™' (") 

where "c" denotes the c-map [1131 ]. 

2. the "large" (rank-2) non-BPS charge orbit (with Z A b,h = 0) reads 111] 

U(3 ri) 

O nB ps,rank-2 = TT , ' ' , dirxiR = 2n + 5, 1 2 < 0. (100) 
U(3, n—1) 

Thus, the associated attractor moduli space reads 

U (3 n—1) 

M nB PS,rank-2 = SU (3) x TJ (n _ 1} x TJ (1) = ^=3,„-l, # - 6. (101) 

3. the unique "small" (rank-1) |-BPS charge orbit reads 

O ' 1-BPS rank-1 = d = 2n + 5, 2 2 = 0, (102) 

3 BPS.rank 1 u(2 jn _l) X U(1) KC^ 1 

where the subscript denotes charge with respect to the U(l) commuting factor of the stabilizer. Thus, the 
associated attractor moduli space reads (recall Eq. 



M- SU(2,n-l) 



■ Bp S,rank-l gjj^j x _ ^ x ^ 

= C (CP"" 2 ) = C (-M J V=2 l m C ,nflPfif,ran*-2| n _ m _ 1 ) , # = 2. (103) 

I. Af = 5 

The (special Kahler) scalar manifold is [55| 

iVo matter coupling is allowed {pure supergravity). This theory cannot be uplifted to D = 5, but it is associated to 
the Jordan triple system M 2 ,i (©) generated by the 2x1 vectors over © [ToL [56j. 

The 10 vector field strengths and their duals, as well as their asymptotical fluxes, sit in the three-fold antisymmetric 
irrcpr. 20 of the U-duality group Ga/=5 — SU (1, 5). As discussed in [571 ] ■ unique algebraically independent invariant 
polynomial in the 20 of SU(1,5) is quartic in the bare charges (see e.g. the treatment of ,57]), but is a perfect 
square of a quadratic expression when written in terms of the scalar-dependent skew- eigenvalues Z\ and Z 2 of the 
central charge matrix Zab (A = 1, 5): 

I 4 (p,q) = Z AB Z BC Z CD Z DA - 1 (Z AB Z AB ) 2 = (Z\ - Zi) 2 . (105) 

This property distinguishes the Af = 5 "pure" theory from the previously treated Af — 2, D = 4 magic Maxwell- 
Einstein theory associated to jf, whose U-duality group SU(3,3) is a different non-compact from of SU(6), and 
makes the discussion of charge orbits much simpler. 

The general analysis of the A ttractor Equations, BH charge orbits and attractor moduli spaces of such a theory 
has been performed in [57], Ill4| ; here we recall it briefly, and further consider the "small" charge orbit of this theory 
(the results are also consistent with the D = 3 analysis of |79j). 
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1. the "large" (rank-2) ^-BPS charge orbit reads [m| 

°k-BPS^ = SU(3) U x ( Sukl) ' dimR = W ' 14 > °- (106) 

The associated attrac tor m oduli space, as all the -^--BPS attractor moduli spaces of Af ^ 3-extended, D = 4 
supergravity theories [l!2| . is a quaternionic symmetric space, namely the universal hypermultiplet space: 



SU(2) x U(l) 



Mi BPS , rank _ 2 = OTT/o ;,; TT 7 /1 , = CP 2 , # = 6. (107) 



2. the unique "small" (rank-1) ^-BPS charge orbit reads 

°\-BPS,r a nk-\ = SJJ(3)kR 8 ' = 19 > ^ = ^» Zi = Z 2 . (108) 

Thus, the associated attractor moduli space reads 

M2 BPS , rank _ x = R 8 , # = 2. (109) 



Note that the stabilizer of O2 _ BP g ran k-i 1S ^ e same as the stabilizer of the rank-3 ^-BPS orbit of the Af = 2 
magic theory associated to 3®. 



By comparing Eqs. (|95j) . (1103j) and (|109[) . it follows that the Af — 2 minimally coupled, Af = 3 matter-coupled 
and A/" = 5 "pure" theories, besides the fact that they cannot be uplifted to D = 5, all share the property that the 
number of "no n- flat" directions supported by the unique rank-1 charge orbit is 2. 
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Appendix A: Orbit Stabilizers 



In order to determine the stabilizers of the orbits we will use the infinitesimal Lie action of Aut(3 r ) = Conf (J) 
acting on the corresponding representative canonical forms. Hence, one needs to define the action of the Lie algebra 
2lut(S r (3)) in the Stro(3)-covariant basis. To this end, one can introduce the Freudenthal product, A : J x 5 
Hom ]R (5 r ), which for x — (a, (i,A,B), y = (S, 7, C, D) is defined by 

!4> = -(AVD + BVC) 

X = -UBx D-aC-SA) .... 

Y = UAxC-fJD-jB) ( A1 ) 
v = i(Tr(A,D)+Tr(C,B) -3(^ + ^5)) 

and Ay B E ©tt (3) is defined by (AV B)C = \ Tr(5, C)A+ \ Tr(A, B)C - \B x (A x C). The action of $ : £ ->■ $ 
is given by 

, „ „ ,f aA \ ( av + {Y,B) cf>A- \vA + 2Y x B + fJX\ .... 

The maps $ € Hornby) are in fact Lie algebra elements. Moreover, every Lie algebra element is given by some $. 
More precisely we have the following theorem [43| . 
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Theorem 10 (Imai and Yokota, 1980). 

aut(S) = {$(0, X, Y, v) G Hom R (S)|0 G 6tco(3), I^eJ,^ R}. (A3) 

where the Lie bracket 

m < t> u Xx,Y ll v 1 )^{ct> 2 ,X 2 ,Y 2 ,v 2 )] = ^{(l>,X,Y,v) (A4) 



is given by 



( f>=[ ( f )1 ,<b 2 }+2(X 1 VY 2 -X 2 VY 1 ) 

2 2 
X = (0i + 3^1)^2 - (02 + g^ 2 )Ai 

Y = (0 2 + ^ 2 )Y! - (*01 + ^i)Y 2 



(A5) 



v = Tr(X 1 ,Y 2 )-Tr(Y 1 ,X 2 ). 
We will frequently consider (see also 25] ) the Lie algebra elements of the form 

$(X,Y):=$(0,X,Y,0). (A6) 

The Hcrmitian conjugate is defined by 

&{X,Y) = $(Y,X). (A7) 
Hermitian (resp. anti-Hermitian) generators are non-compact (resp. compact) [T3 |. 

1. An Example : The Exceptional Magic Theory 

As an example, which may be quite simply generalised to all models treated here, we examine the case of S^f)- 
In order to determine the stabilizers of the the orbits, we will use the infinitesimal Lie algebra action (|A2I) to fix 
the Lie sub-algebras annihilating the the canonical forms presented in ITheorem 61 [27j . Note, in this specific case 
the construction of the Lie algebra elements $(0, X, Y, v) corresponds to the decomposition, 



(A8) 



133 ->■ 1 + 27 + 27' + 78 

where 0, X, Y, and v sit in the 78, 27, 27' and 1, respectively. 
For all canonical forms one obtains 

= (x x L, + Y M K(Y,ti r) ■ Where *~ - (I V ) > ( A9 ) 



so we may set the dilatation generator v to zero throughout. 

a. Rank 1: A can = 

*(*0 - (y o) ( Al °) 
=>■ Y" = while X and are unconstrained. Hence, the stability group is 

Hi = £ 6( -2 6 ) x R 27 , (All) 

where £^(-26) is generated by and the 27 translations are generated by X. 

b. Rank 2a: A can = (1,0,0) 

+ < A12 » 

From the D — 5 analysis [13] we know that the Lie sub-algebra of ©ttoQ?) satisfying 0A can = has 36 compact, 9 
non-compact semi-simple generators and 16 translational generators giving so(l, 9)®1R, 16 . For the remaining 27 + 27 
generators we obtain the following constraints: 
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1. 

Tr(y,A can ) = => yn =0. (A13) 

2. 

(0 \ / -2/i2 

X x A can + Y = x 33 -x 23 = -y 12 -2/22 -2/23 | (A14) 

\0 -X23 £22 / \-yi3 -I/23 

This gives 1 compact and 9 non-compact semi-simple generators 

$(X,Y), (A15) 

where, writing x 2 2 = x + y and X33 — x — y, 

/o \ /o \ 

X = z + y x 23 , f = -x + y x 23 . (A16) 
y0 x 2 3 x-yj \0 x 23 -x-yj 

These, together with the 36 compact and 9 non-compact generators from so(l,9) C SttoQ^), give a total of 37 
compact generators and 18 non-compact semi-simple generators producing so(2,9), where we have used the fact 
that SO(m, n) has [m(m — 1) + n(n — l)]/2 compact and mn non-compact generators. 
The other 1 + 16 components of X generate translations, 

(xu 0\ / xu x 13 \ 

0, x" = \x 12 , (A17) 
0/ \x 13 J 

where X commutes with so(2, 9). The remaining 16 + 16 translational generators transform as the spinor of so(2, 9). 
Hence, the stability group is 

H 2a = SO(2, 9) x R 32 x R. (A18) 

c. Rank 2b: A can = (-1, 0, 0) 

*M = (xkA-ft$2L)) < A19 > 

The analysis goes through as above but with the sign of Y flipped. This gives a total of 45 compact and 10 
non-compact semi-simple generators giving so(l, 10). Hence, the stability group is 

H 2b = SO(l, 10) x R 32 x R. (A20) 

d. Rank 3a: A can = (1,1,0) 

♦W'^i+yn&l) < A21 » 

From the D — 5 analysis [13], we know that the Lie sub- algebra of ©tto(33 ) satisfying 4>A caa = has 36 compact 
semi-simple generators and 16 translational generators, yielding so (9) © R 16 . For the remaining 27 + 27 generators, 
we obtain the following constraints: 

1. 

Tr(Y, ,4 can ) = => y n = -y 22 . (A22) 



£33 -i 13 \ /-yu -yn -y~x 3 

X x A can + Y = => ( x 33 -x 23 = -y 12 yn -2/23 

-X13 -x 23 xn+x 22 J \-yi3 -y 23 -2/33; 

^33 = 2/11 = 0. 



(A23) 
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This gives 16 non-compact semi-simple generators, 

$(X,Y), (A24) 

where, 

/ x 13 \ 

X = Y = us . (A25) 
\xi 3 %23 J 

These, together with the 36 semi-simple generators from so(9) C Stroll), give a total of 36 compact generators 
and 16 non-compact generators producing -F4(-20)? which is a non-compact form of Aut^-p)- 

The remaining 10 components of X generate translations which, together with the 16 preserved translational 
generators of ©tro^f), transform as the fundamental 26 of F^_ 2 q)- 

Hence, the stability group is 



H 3a = F 4 (-20) x K 26 - (A26) 

e. Rank 3b: A can = (-1, -1, 0) 

*< R ^(xx.4L-FTr(KZ,,)) (A27) 

The analysis goes through as above, but with the sign of Y flipped so that the 16 previously non-compact semi-simple 
generators become compact giving the compact form i 7 4(_ 5 2) = Autf^J®). Hence, the stability group is 

H 3a = F 4 (-52) * K 26 . (A28) 

/. Rank 4a: A can = (-1, -1, -1) 

•<*■>- (* x£. + y T,t?Xj < A29 > 

From the D = 5 analysis we know that the Lie sub-algebra of ©trots') satisfying (j)A c&n = has 52 compact 
semi-simple generators giving F^_^2)- For the remaining 27 + 27 generators, we obtain the following constraints: 



1. 



2. 



Tr(Y, A can ) = y n + 2/22 + 2/33 = 0. (A30) 



Xu X12 If 13 \ /-2/11 -2/12 -^13 

Y = \xi2 x 2 2 X23 = -y 12 -2/22 -2/23 I ( A 31) 

\xi 3 ^23 -(xn+x 2 2)J \-2/l3 -f 2 3 (2/11+2/22 

where we have abused the notation by use the same symbols for X, Y after imposing the condition Tr(Y") = 0. 
We have also used the identity X x (-1) = X - Tr(Jf)l so that X x A can + Y = implies Tr(X) = 0, therefore 
giving the implication in (|A31j) . 

This gives 26 compact semi-simple generators, 

$(X,Y), (A32) 

where 

(£11 X12 X13 \ /-xn -X12 -X13 \ 

X12 X21 X23 , Y = -x i2 -X22 -X23 ■ (A33) 

X13 X23 -{x\\+ X22)) \-x13 -X23 (£11+ £22)/ 

These, together with the 52 compact semi-simple generators from i 7 4(_52), give a total of 78 compact generators 
producing S 6 (-78)- 

Hence, the stability group is 

H ia = E 6{ _ 7S) . (A34) 
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Rank 4b: A can = (1, 1, -1) 



can 
can, 



From the D = 5 analysis [13], we know that the Lie sub-algebra of &tXo(3f) satisfying 4>A can = has 36 compact 
and 16 non-compact semi-simple generators giving i*4(_20)- For the remaining 27 + 27 generators, we obtain the 
following constraints: 



1. 



2. 



Tr(Y, A can ) = =*• j/ u + V 22 = J/33- (A36) 





Xl2 -XX3 

Y = => \ Xi2 X22 -X23 | = ( -Vl2 ~2/22 ~V23 J (A37) 

-«23 Sill + ^22, 

This gives 10 compact and 16 non-compact semi-simple generators, 

$(X,Y), (A38) 

where 

(Xn 212 #13 \ _ /-xn -212 ^13 \ 

212 ^22 £23 , Y = I -212 -^22 ^23 ■ (A39) 

213 223 211 + 222/ \ #13 2 2 3 -(211+222)/ 

These, together with the 36 compact and 16 non-compact semi-simple generators from i*4(_20), gi ye a total of 46 
compact generators and 32 non-compact generators producing i?6(-i4)- 
Hence, the stability group is 



H ib = E 6{ _ uy (A40) 



h. Rank 4c: A can = (1, 1, 1) 



rv 4° ^v^rvfvT J (A41) 

can , 



X x A can + Y Tt(Y,A, 



From the D = 5 analysis [27| . we know that the Lie sub-algebra of ©teo^jp) satisfying </>A can = has 52 compact 
semi-simple generators giving ^(-52) = AutQ^p). For the remaining 27 + 27 generators, we obtain the following 
constraints: 



1. 



2. 



Tr(Y, A can ) = => Vll + y 22 + ?y 33 = 0. (A42) 



/-xu -212 -213 \ f-yu -v\i -V13 

Y = =S> -212 - 222 - 223 = -fl2 ~2/22 ~2/23 ) (A43) 

\-213 -2 23 2:11+2:22/ \-y13 -V23 vw + vii) 

This gives 26 non-compact semi-simple generators, 

$(X,Y), (A44) 



where 




xn 212 

X = Y = (212 222 223 I ■ (A45) 

1 #13 #23 
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These, together with the 52 compact semi-simple generators from i*4(_52), give a total of 52 compact generators 
and 26 non-compact generators producing £W-26) = StroQ^). 
Hence, the stability group is 

H 4c = E 6{ _ 26) . (A46) 

This procedure can be repeated for all magical theories, yielding the results reported in Table 6, as well as for all 
AT = 2, D = 4 symmetric supergravity theories with a Jordan algebraic interpretation (see also the treatment of 
[25|l)- For the D — 5 treatment, see (27| . 
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